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In this file, proofs of theorems and lemmas in the main
body are first given in Supp-§-A. Then, the proposed Algo-
rithm 1 and Algorithm 2 are presented in Supp-§-B.

Supp-§-A. Proofs of Theorems and Lemmas
More Preliminaries of t-SVD

Before proving the theorems and lemmas, we will introduce
more preliminaries omitted in the main submission due to
space limitation.

Tensor Singular Value Decomposition At a high level,
the framework of t-SVD treats a 3-way tensor 7 €
RAxd2xds a5 3 matrix M whose (i,)™ entry M(i, j) is
T(i,4,:) (i.e., the (i, 7)™ tube of T).

By using circular convolution of tube vectors instead of
product of scalars, the t-product (in Definition 1) is an ex-
tension of standard matrix multiplication. This t-product can
be implemented efficiently in the Fourier domain according
to the relationship between circular convolution and DFT
(Kilmer et al. 2013). Specifically, let 7 = fft(7, [], 3) denote
its Fourier version obtained conducting 1D-DFT on the tubes
of 7. Given T € R xdz2xds 1ot T (or T(V)) denote its i
frontal slice 7 (:, :,4). The t-product of 77 and 75 in original
domain is equivalent to frontal slice-wise matrix product of

T: and ’75 in spectral domain, i.e,

~(1 ~()~(1
T=7'1*7'2<:>T(>=T§)T§), Vi € [d3). (15)

The t-SVD (in Definition 2) is a 3-way extension of stan-
dard SVD. It decomposes any tensor 7 € Rd1*d2xds g

T=UxS*VT, (16)

where U € R¥1xd1xds ) ¢ Rd2xd2Xds are orthogonal ten-
sors, and S € R4 *42xds i an f-diagonal tensor (see Fig. 9
(Wang and Jin 2017)). The t-SVD is indeed constructed in
the spectral (Fourier) domain by using the relationship be-
tween circular convolution and DFT (Kilmer et al. 2013;
Lu et al. 2019). Relevant concepts including tensor trans-
pose, f-diagonal tensor and orthogonal tensor, are defined as
follows.
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Figure 9: Illustration of t-SVD.

Definition 8 (Tensor transpose (Kilmer et al. 2013)). Let T
be a tensor of size dy X da X d3, then TT isthedy x dy X ds
tensor obtained by transposing each of the frontal slices and
then reversing the order of transposed frontal slices 2 through

— ~(l
ds. In spectral domain, we have (T 7)) = (T( ))H, Vi e
[ds].

Definition 9 (Identity tensor (Kilmer et al. 2013)). The iden-
tity tensor T € R4*¥%9s js g tensor whose first frontal slice is
the d x d identity matrix and all other frontal slices are zero.

In spectral domain, we have I =1, € R4*?, Vi € [ds).

Definition 10 (f-diagonal tensor (Kilmer et al. 2013)). A
tensor is called f-diagonal if each frontal slice of the tensor
is a diagonal matrix.

Definition 11 (Orthogonal tensor (Kilmer et al. 2013)). A
tensor Q@ € R¥X4%ds jg orthogonal if

QT xQ=0+0Q" =T.

In spectral domain, we have

NUNTFHO-{ 00
Q@ NH"Q =Q (Q HM"=1,eR™ Viel[ds)], A7)
which means all frontal slices of the Fourier version of an
orthogonal tensor Q are unitary matrices.

The block diagonal matrix of 3-way tensors are further
defined for the convenience of analysis.

Definition 12. (Kilmer et al. 2013). Let T (or T ) denote the
block-diagonal matrix of the tensor T in the Fourier domain,
ie.,

’f(l)

6 (Cdld3><d2d3 (18)

=l
Il

T(ds)

Then, it holds naturally according to Eq. (15)
T=Ti*xTaeT=TT,.
We further have the following relationship for t-SVD
T:M*S*VT(:)T:ﬁgvH,
which also indicates that the average rank and TNN satisfy

1 — 1 _
= d—grank(T) =4 rank(S),

1= 1 5
7l = . = 18-

Further, the property of DFT indicates that the tubal rank
of T defined in Eq. (2) is lower bounded by the average rank:

ranky, (7)) := #{z ’S(i,i, D) # 0}
= #{i|S(i,i,:) # 0}

= max rank(S")
le[ds] (19)

1 &
o= Zrank(S(l))
3=

> rank,yg (S).

rankqy, (7)

Y

The inner product between two tensors 77 and 7 is defined
as (T1,7T2) := vec(T1)"vec(Tz). The the inner product of
two 3-D tensors 71, T € R%1%92%ds and the inner product



of their corresponding block diagonal matrices T;, Ty €
Chrdsxdzds haq the relationship

1 /= = 1 — =
() = o (T T) = o (TuTa). o)

The relationship between matrix nuclear norm and matrix
F-norm holds for any M:

M. < /rank (M) |[M]|r. 1)

Similar relationship between TNN and F-norm also holds for
any tensor 7~ € R¥1Xd2xds 35 follows:

1, = 1 _
[Tl = 7l < o V/sranka(T)[ T

- d%\/m(\/@lﬂ\}:) (22)
= \/rank,(T)| Tllr-

It is also known that, for any tensor 7, the /;-norm and the
F-norm has the following relationship

TN = VAT I T 1l (23)

Decomposability of Tubal Nuclear Norm In (Recht,
Fazel, and Parrilo 2007), the matrix nuclear norm is proved
to have the following property, called additivity.

Lemma 3 (Additivity of Matrix Nuclear Norm(Recht, Fazel,
and Parrilo 2007)). Given A and B of the same dimension, if
AB" = 0 and A"B = 0, then||A + Bl|. =||Al|. +||B]|..

Here, we will show that the tubal nuclear norm also has
the property.

Lemma 4 (Additivity of Tubal Nuclear Norm). Given
T, T € Raxdxds e o o7 = 0and T, T+ To = 0,
then

172 + Toll« = ITall« +11 72l 24

Proof. Using the relationship between a 3D tensor and its
block-diagonal matrix we have

ﬂ*ET:():}TilTiZH:()v

o (25)
T T «T5=0=T,"Ty =0.
Thus, we obtain
1 -
|71+ Tl = d—HT1 + T4
3
1 = — 26
= (T +IT) GO
3
=T« + 72
O

Suppose X' € R41*d2xds ith tubal rank r* has reduced
t-SVD as follows

X =Uy*xSy*Vx', (27)

where Uy € RUX7"%ds apd V€ R%2%7"%d3 gre orthog-
onal and Sy € R™ *7 X93 i f-diagonal. Define a tensor
space T as follows:

T—{uX*AJrB*V} :

*xdyxd dy xr* xd
where A € R" *%2%% B Ra*" X 3}

We further define the projectors to 7 and T+ as Pr :
Rdl Xd2 ><d3 — Rdl ><d2><d3 and PTJ. RledQXd3 —
R xd2xd3 peqpectively

Pr(T)=Ux +UY *T + T * Va x V3
— Uy x Uy xT *Vx x Vi,  (28)
Pro(T) = (T —Ux xUL) *T % (L -V *V5).
Thus, we have
ranky, (Pr (7))

< rankg, (Ux * Uy * T) + ranke, (T — Ux *Ux) = T % Vx x V)

< 2ranky, (X).
(29)

Equipped with Lemma 4, we will present an inequality
frequently used in our work as follows.

Lemma 5. Given T € R4 %X e hgye

& + Pro (Tl = [1¥x + 1P (Tl (30)
Proof. Ttis easy to check that X * Py (T)T = 0and X' *
Pri(T) = 0. By Lemma 4, we have ||[£L* + Pr. (T« =
[0 + 1P (T O

Note that Lemmas 4 and 5 indicate that the tubal nuclear
norm belongs to the class of decomposable norms (Negahban
et al. 2009).

Proofs of Lemma 1

Lemma 1 asserts that T, (7)) < min{%(7), Prucker(7)}. Thus
the low OIAR assumption is weaker than the commonly used
low Tucker rank assumption. In other words, many data like
color images which satisfy low Tucker rank assumption also
satisfy the low OIAR assumption. Here, we prove Lemma 1.

Proof of Lemma 1. Given any tensor 7 € R4 *dr et
—1 -1
K = Ty € R*X(Pdi i) X i denote its mode-(k, k+1)

3d-unfolding (k € [K]). We first show that t,(7) < (7).
Indeed, it holds that

(T = rankag (K) < ranke (K) = (&(T))e,  GD

where inequality (i) holds due to Eq. (19).
Then, we show ©,(7) < Tryeker(7). On the one hand,
according to (Lu et al. 2019), we have

(Ta(T))r = rankay, (K) < rank(K(ry),  (32)
where Ky is the mode-1 matricization of K. On the other

hand, since K is the mode-(k, k 4+ 1) 3d-unfolding of T, it
holds naturally that

rank(K(1)) = rank(T (1)) = (Crucker(7))x,  (33)



where T(k) is the mode-k matricization of 7. Thus, we
have % (7)) < Trucker(7)- Putting things together, we obtain

Fﬂ(T) S mln{ﬁ(T), ETucker(T)}.

O
Proofs of Lemma 2
Before proving Lemma 2, we need the following lemma.

Lemma 6 (Dual norm of TNN (Lu et al. 2018)). The tubal
nuclear norm and the tensor spectral norm are dual to each
other.

Proof of Lemma 2. The lemma can be proved through for-
mulating the following maximization problems:

Tl =stp (M. T, st [Mlo €10 g

and
1Tl = sup (M T) s st Ml < 1. 35)

They are constrained maximization problems. We prove
the first part. Since Problem (34) satisfies Slatter’s condition,
the strong duality holds. Thus, we only need to show that its
dual problem agrees with

. — 11 -(k)
. inf_ max{uw 75 (36)
Dual to Fenchel’s duality theorem, we have the following
equality:
Sup (M, T) + (Mo < 1))

. k) —1y (k)
- (5(; T8 =) (w7 ).

where 6(C) is the indicator of condition C' (0 if C is true
and +o0 otherwise). In this way, the first part is proved. The
second part can be proved similarly.

O

Proofs of Theorem 1 and Theorem 3

For notational simplicity, we also define 3d-unfolding oll)er-
ator for 7 € RM>*x a5 5. (T) := Tpj) and let §; ' (+)
denote its inverse, i.e., S;l(ﬂk]) =T7T.

Proof of Theorem 1 In this subsection, we provide the
proof of Theorem 1.

Proof. Recall model OITNN-O:
(Lo, S,) € argmin f(L,S),
LS
st ||, < a,

where f(£, ) := 3[¥ = £ = Sr + Al Glso + | Sl
Let AL = £* — £, and AS = S§* — S,. Using the opti-
mality of (£,, S,), we have:

(Lo, Ss) < F(L*,8%). (37)

By the observation model of RTD, we have ) — L* —S*
&. According to Eq. (37), we obtain

1
5 (IALE +1A512)
< ol1L7o —I1£7 = Alflao) + oIS 1, = 15" = AFl)

I II

+(ALADY + (AL, &) + (AT, &),
I v v

(38)
where the right hand side involves 5 items I to V. We will
upper bound Items I to V as follows.

Bound Item I: Let Py () = 735
k

of Pr in Eq. (28)). For any tensor A € R %K define
A;C = 'Pk(S"k(A)), and AN = A[k] — A;C
Using Lemma 4 directly yields
1L — Al = I1L7 gl +I A
It leads to
125wy = (AN wlls =L wg = (A7) = (AT )i«

(L gy = (A = [1(AS)ils
1L plle A 11 (AT )il

(L*) (+) (see the definition

Thus, we have

=% S wn (17l ~ 2" = AD).)
k
<o 3w (17wl = (€7 plle +1 AL ~ 1AL )
k

=X Y wll (Al = Ao D will(AD)..
k k

(39
Bound Item II: Let S be the true sparse tensor S*, i.e., S =
supp(S*) = { (i1, iz, ,iK)|S}4,..c,, # 0}. According
to the decomposability of /;-norm (Negahban et al. 2009),
any tensor 7 € R% X %4« satisfies

1T = 1Tslley +11Ts<lls,-
Then, we have
18 = ASl, =I(S™ = (AF)sx) — (A sl
|8 = (AF) sl = 1A,
28, + 1A sl = 1A sl
leading to the bound
< [ (Al — 1ol (A ) s, - (40)

Bound Items III, IV and V. Due to the feasibility of ﬁ we
have||J|;.. < a. Then, by the triangular inequality, we have

1A =1£" = Lolliew <NE i +[1Lollics < 20
Using the definition of dual norm, we have
L <A JAS < 20 Al
IV <A ol % 41
V <A1



Combining Eq. (38) and Eqgs (39)-(41) yields

Lemma 7. For any K-way (K > 3) tensor T € R % xdx
the following inequality holds:

1
(1AL +)A%)2 L, 1 _
S INERETN ) 71 < - 5w o
< o ZWII (Al = Ao ZWH(AL) U+ pdl (AT sl _*
Proof. Recall the formulation of | 7]|%, as follows
O silh -+ A o + 0l + 20018, IThoi=_ inf mas{uwTEN. s
* * k -
< o +18150) Do wll (ANl = Qo = l1€l150) D will (ALl Letting
k k (k) -1
wil TN~
+ (o + (1€l + 20 (AD) sl = (0 = (1€]1.c + 20))I(AG) 4] T = — B (52)
Choosing 2k wk”T[k] =
" then for any k € [K]|,
Ao > 20l “2) vk elK] .
and 1”7—(k)H _ 1 k” H ||7—(k)H
o > 2(|&1.. +20), (43) F kn [E:f)n—l
we have 1
DS v (53)
o 3w (Al + (Al 2o T |

5 ; (44)
3(Ao Y will(AD)Hle + ol (A ) -
k

Note that according to Eq. (38) and the triangular inequal-
ity, we obtain

1

S (IAZIE +12512)

< Qo+ (3wl (ARl + D wil(AL))
k k

+ (po + (181 + 20)) (1A sl + (A5 s2lle,)- s
That leads to

IAGE +IAJIE < 16X0 > will(Ag )il + 16413 (AT) sl
k
(46)
By the definition of (AL)}, we have

ranktb((Ag’);ﬂ) < 2ranky (L)) = 277, 47)

and

IADME S NAN) wllE =[1AHE. (48)

We also have ||(AS) ], < |S| =
inequality:

s. Then we reach the

|AHE + A5
< 1620 Y w2 A + 160/ Al @)
k

The usage of ab < a?/4 + b? leading to the conclusion of
Theorem 1. O

Proof of Theorem 3 The key of proving Theorem 3 is to
bound the quantity ||&]|},, when £ denotes the tensor whose
entries are i.i.d. Gaussian AV (0, o2). To bound this quantity,
we need the following two lemmas:

—1
<52 Zwk I7; [k]

where the last inequality holds because the “harmonic mean"
is no larger than the “arithmetic mean". In this way, the
lemma is proved.

Lemma 8. Let T € R%*%Xds be random tensors with
i.i.d. Gaussian entries N'(0, 1). Then the following inequality

holds
||7—|| < +/dids + +/dsds + t, (54)

with probability at least 1 — exp ( - ct2/d3).

Proof. By letting ¢/ and V in Lemma 9 of (Lu et al. 2018) be
the identity tensors, this lemma can be proved directly. [

We also have the following lemma to bound the [,,-norm
of &:

Lemma9. Let T € R4 XXk be random tensors with i.i.d.
Gaussian entries N'(0, 1). Then for the following inequality

hold
Gl <+/210g(2D) +t, (55)

with probability at least 1 — exp ( - ct2).
Proof of Theorem 3. Using Lemma II1.2, we have for any
ke K] )

€l < 20dy, (56)

with probability at least 1 — exp(—cd3 /dyy1). Taking
union bound, we have with probability at least 1 —

Dok eXP(_CkCZi/dkH)’

N 20 15
Il < 275 D wi tda- (57)
k

Accodring to Lemma 9, we also have

€1, < 4o+/log D, (58)

with probability at least 1 — exp(—c'D).
Combing Egs. (57)-(58) and Theorem 1, Theorem 3 can
be proved. O



Proofs of Theorem 2 and Theorem 4

For notational simplicity, we recall the definition 3d-
unfolding operator for 7 € R4**dx a5 5. (T) := Tpy

and its §, ' (-) such that S;l(’T[k]) =

Proof of Theorem2 In this subsection, we provide the
proof of Theorem 2.

Proof. Recall model OITNN-L:

{L®1},8)) € argmin g({£LP)},S), (59)
{L(k)}k,S
where
({E(k)}k S)
= =3 L0~ S+ A S, oSl + S,
(60)

Let AL, = £ — L0}, and A = S
optimality of ({£*)},S,), we have:
9{LD . 8) < g({LE" Yy, 87). (61)

Note that ), LF)* = £* Through the observation model
of RTD, we have ) — L* — §* = £. After some algebra, we
obtain

IIZA Al +IATIE)

- 8. Using the

(%]

Thus, we have

k)* k)*
I_Azﬂkwwﬂwﬂqﬁ_Adm”

<\, Zu A LG = A Zv A" (]

Bound Item II. Similar to the proof of Theorem 1, we have

1< ) (AD)slley = il (AF) sl (65)
Bound Items III and V. Using the definition of dual norm,
we have
M+V < (& + 2a) A%, (66)
Bound Item IV.

(Soew )= (ac0
k k
<> IALil e
k
:ZmuAﬁffifu*><||6[k]||/vk>
(kaHAE ) mas(l€ggl /o)
k
ez > vl ALl
k
(67)

— Bdund Ttem VL

k)x k)x k * *
< ALka ML)l =1L = ALl + 1S, — 1S
k

1

I

() g e

v

11 v
(62)
and

5 (AL +1AE)

< I+H+III+IV+V+ZZ<AL(’“),A£(”>.
& I#k

VI
(63)
We will bound Items I to VI as follows.

Bound Item L. Let P*(-) = (5(1«) ) (+) (see the definition
of Pr in Eq. (28)). For Aﬁ(k) € Réxxdx define

(k) k¢ (k) (k) _ (k) 1 (k)

A’ Ly =P (L',[k] ), and A Ly =AMLy = ALy
Using Lemma 4 directly yields
k)% k k)% k

125" = A" Ll =2 e+ 18" L

leading to

125" = ALl A£fy” -

k k
(k] ALy — AL,

(%] (%]

k k
= A"LEN | = 11A LG

k) k k
=H£fkf e +1A7 LGN = 1A L[

k) *
>[(£fy)

>3 <A£<k’>, Ac<l>>

k 1£k

< ZZ\|A£E,’§]>H*HM§£|\

k £k

— (K —1) 5%: di o) (] AL

= (K = 1)Bmax(di/ve) Y ol AL
k

Combining Eq. (63) and the above bounds yields

1
S (IALBR +1ATR)
k
k k

<A ;vknA’cfkfu* =Y ;vam/’cfkfu*

(A5l = (A5 sell, + (8l + 20| A8,

081, + (5 = ) max(d /o) 3 vl AL

k

< (A + (1117 + (K = DB max(de/vi))) D odl AL
k

= (A = (1€, + (K = 1B max(di/vn))) Y vl AL

+ (e + (181 +20))1(AD) 511,
= (1 = (I + 20))1(AT) sl



Choosing
A > 2018l + (K — 1) max(dy/vr) - (69)

and
e > 1€l + 2a, (70)
we have

k
Aol AL+l (A sl
k
(71)
k
<3O0 Y wllA LG+l (AD)-
k

Note that according to Eq. (63) and the triangular inequal-
ity, we have

1
S (OTIALB +]A5R)
k

< (A + (€], + (K = 1)Bmax(dr/v0))
(S vl A L+ 3wl A
k

k

+ (4 (€l +200) (1AD) sl +1(A7)s2]1,)-
(72)

That leads to

Case 2: If |3, ALK®)Z > S, |AL®)2, according to
Eq. (62), we have

1 )
S AL +A%1R)
k
< +H18) O wlla el + S vl a2 (L)
k

k
+ (e + (1€l +20)) (1A slle, +1(AT)s2]1,),
(79)

which leads to

1Y AL +[|1ATIE
k

<16X, > ve /2 ALPe + 1610,v/9| A6
k
<16, \/Zwk 2r;>2¢2nmw>n% 161, ATe
k k
<163, \/Z@M/arw 137 ALOR + 165, /3| ATk
k k

<c3\? Z VIT 4 cqp’s.
k
. (80)
Select k* € argmax, viranktb(ﬁ* ). Letting L) = £*

Z||A'C(k)||F+||ASHF < 16), kaHA c<k>H*+ 16| (AS) gy, .and LO* = O, VI # k*, then ({L(k)*}k S*) is feasible. In

(73)
By the definition of A’ [Zf:]), we have
rankg, (A’ £E,]§])) < 2ranktb(£$])*) = 217, (74)
and ) ) ,
1ALy le < IALE e = 1ALPe. (75)

We also have ||(A%)g]l;, < |S| = s. Then, we reach the
inequality:

D IALP)E + AT
k
<160, > vp/ 2P ALPle + 1610,/ A6
k

<16, \/Zm VI \/Z|M<k>||% T 164, VAAS
k k

(76)
The usage of ab < a?/4 + b? leading to the first part of
Theorem 2, i.e.,

S IALBIE + AR < esA? > viFh + capls. 77)
k k

To prove the second part of Theorem 2. First, we discuss
in two cases:
Case 1: If |>, ALF)2 <
Eq. (77) we have

1> ALBIR | AZE < esA? > virh + capils. (78)
k k

S IALK)Z, according to

this case, 7},. = r7. and 7} = 0, VI # k*. Then, we obtain

1Y AL®E -+ A7
k

< 03)\?2@2?2 +eap’s (81)
k

< 3\, mkin U;%ﬂz + cap’s.

Then, the proof is completed. O

Proof of Theorem 4 Since the proof of Theorem 4 differs
from Theorem 3 only in bounding the maximum of the tensor
spectral norms instead of their sum, we simply omit it.



Supp-§-B. Optimization Algorithms

Due to space limitation, the description of Algorithm 1 and
Algorithm 2 is omitted. In this section, we present the pro-
posed Algorithms 1 and 2 for Model I and Model II, re-
spectively. In Algorithms 1 and 2, each sub-problem has a
closed-form solution.

For notational simplicity, recall the definition 3d-unfolding
operator for 7 € R4 XK a5 T (T) := T}y, andits § ' ()
such that §; ' (Tj) = 7.

Algorithm 1 ADMM for Model I

Input: Observation ), parameters An, Hos {Wk i, P > 0,e > 0.
1: Initialize £° = K = W° = 8% = 7% = 2° = 0,K) =
V0 =0, Vk.
2: while not converged do
3:  Update (£, S**1) simultaneously by:

. - '
121;‘1 I(L,S)+ Zk g”ﬂ — % 1(’C2 + 7)”%

s — (Tt 4+ 2oy 4 Ao — et + Wiy
B8 — (T 4+ T+ Gle - (< + T

4:  Update {KCtF'}i, 757! and K simultaneously by:

t
min Aowi|Kill» + 2Kk — 8 (L) + Y2
K 2 p

. z*
min g T, + 57 = (8 = =-l

. wt
min 60 () + G — (£ = =2

5:  Dual update: ZFT! = Z* 4 (T — ST,
WHEHL — Wit 4 oK — £ and
= Vit pG = Bk (L), VR € [K];
6:  Check the convergence conditions:
[ X, < e VX € {L£,8T,K {Ki}};
[TH =8, < e K =L, < &
KL = (L oo < &, Vk € [K];
7. t=t+1.
8: end while

Several operators

Before giving solutions to the sub-problems in Algorithm 1
and Algorithm 2, we briefly give the proximal operators of
TNN||{|» as follows:

Lemma 10. (Wang and Jin 2017). Let tensor T €
RAxd2xds ypjth . SVD T = U x S * VT, where U €
RAXxrxds gnqg V) € R2*7%43 qre orthogonal tensors and
S € R™"%9s js the f-diagonal tensor of singular tubes. Then
the proximal operator of function |||, at point T, denoted

by ProxXl(T5), can be computed as follows

o1

= U « ifft3(max(fft3(S) — 7,0)) x V.

Algorithm 2 ADMM for Model II

Input: Observation ), parameters A,, ., {vk }x, p > 0, > 0.
1: Initialize S° = 7° = 2° = K = W° = 0,(L®)°
KL =Y =0,VEk.
2: while not converged do
3:  Update {(£L™)**!}; and S'' simultaneously by:

min (> £®.8) + £® —
o 10, >, 5l
[4 (k) _
2”Zk £
4:  Update {K4}, TP and X' simultaneously by:

V2
¥
p

t
3K+ 3’7>||%

Pis — (Tt 4+ 2oy b Wi
+oIS = (T + p)||F+ (K" + p)Hn

+ Bl — i (£ +

min A, vil| KCif|«
K

. z!
min | Tl + 517 = (8" - 7>n§

+ L - Z(ﬁ““)t“ . Whe

5:  Dualupdate: Z'T! = Z 4 p(T'H — ST,
WHE = W4 p(K = 37, (L8) ) and
Vit = Vi 4 p(Ki™ =8 ((£D))), vk € [K];
6: Check the convergence conditions:
X — X, <&, VX € {({LW}, S, T, K, {Kx}}:
|I7"+1 S’HHzm < e IR = (L®) <
S (LE)YF i < e,Vk € [K];

mm Sk (K) +

e <
7. t =
8: end whlle

The proximal operator of [;-norm||{|;, is given as

I in -
Prox! ! (75) — argmin 5175 — Tl + 7, (83)
= sgn(To) ® masx (75| - 7,0),

and the proximal operator of indicator function of /,.-norm
ball §'>=(-) is a projector:

= TIIE + 0= (To)
= sgn(7) ® min (| 75|, ).

1
Projlli= (75) = argmin 2| 7g
fo'> (To) = argmin 5Ty &4

Solutions to Sub-problems in Algorithm 1

In this subsection, we derive solutions to sub-problems in
Algorithm 1.

First, adding auxiliary variables to Problem (12), we get

.1
i 3V = £ =8I+ 00 3wl + Tl + 8 (6)

s.t. Kp :Sk(ﬁ),Vk;T:S;IC:[,.



Then, the augmented Lagrangian is given as follows
L,E)(£7 Sa T) K7 {Ick}kh {yk:}/m Za W)

1
=Y = £ = SIE+ X0 3wkl + pdl Tl + 85 (40
+§«%memwwgmfmww

+(E,T=8)+ LT -8l + W, k- £) +

Further, we update blocks (£, S) and ({K}, T, K) alter-
natively by fixing the other variables.
Update (£, S). Fixing ({Ky}, T, K), we update (L, S) by
minimizing the augmented Lagrangian LLho with respect to
(£, S), which can be simplified as follows

¢
i 1(£,8) + 37, 5L =8 (0K + =)
+4w—wfw—w+4w—mwlﬂw
2 p 2 p
(85)
Taking the derivatives with respect to £ and S and setting
the derivatives to zero, we obtain

(Kp+p+DL+S=pK+p> Ki+Yi (g6
k

and ~
L+A+p)S=Y+uT. (87)
where

~ t t zt
=+ Y Ro=ki+ L ama =701 2
p p p

By solving matrix equation group, we get the closed-form
solution of £!*! and S**!
[+l :(1+P)K+(1+P)Zklck+y—7'
(K+1)(p+1)+1 ’
st _EADY+ (Ep+p+ )T K-35, T
(K+1D(p+1)+1

Update ({Ky}, 7, K). Fixing (£, S), we update {/Cy. } 1, 7,
and KC by minimizing the augmented Lagrangian LI ho with
respect to ({Kr}, T, ). The problem can be solved sepa-
rately as follows.

. i
IC}EC+1 = argmin Now||ICil|x + gH/Ck — Sk (EHI) + l||?:
Kr P
. Vi
= Prox‘l}\\\wk/p(gk (£t+1) _ 7k)
Tt _ : 87—_ St+1_£t 2
= argmin o Tl + 7 — ( Iz
T P
y zt
_ Prox” lle, (St+1 -z,
F"O/l) p

t
K argmin 6l (K) + BH/C — (L - m)”%
K 2 p
_ projlie gttt - W)
¢ p

p
Plic - 2.

Solutions to Sub-problems in Algorithm 2

We solve the sub-problems in Algorithm 2 as follows. First,
adding auxiliary variables Problem (13) yields

: (k) loo
min (7, £, 8) 4037 ol gl T+ ()
Kl T,k

st K =3 (LD) Ve T =85Kk=3 £,

Then, the augmented Lagrangian is given as follows
Lg({['(k)}lh Sa Ta lC? {’Ck}k: {yk}k7 Za W)
1
=51y - DLW -8+ Zk Wil Kl + | Tl
k

#3790k (2)) + 5l
(2, T-8) +LIT -8

p
Plic =3 £ ¥z
k

Further, we update blocks ({(£*))},S) and ({K}..}, T, K)
alternatively by fixing the other variables.

Update ({(£®*)},S). Fixing ({Ky},T,K), we update
({(£%*)},S) by minimizing the augmented Lagrangian
L"ho with respect to (£, S), which can be simplified to the
following problem

+ 8l (K) +
+ <W,IC - £<k’>> +

min Z(Zk E(k),S)-l-Z BHE(M Skl(/ck+y?)‘|}?

{L*},S
P wt
s 7+ D+ H3 e -

Taking the derivatives with respect to £(*) and S and setting
the derivatives to zero, we obtain

DLW 48—y pL® — Ky +p> L® —pK =0
k

(38)
and

k

where
¢

_ t t _ z
IC:ICt+W77ICk:ICtk+y?andT:Tt+7.

By solving matrix equation group, we get the closed-form

solution of £¢*1:

(LO)YH = pH(pK + Y K +Y = (14 p)M — ST
k

with

Sl — (1+K)y+(K+P+KP)%_K’€_Zk’€k
QA+K)(1+p+K ’




where

K1+pK+(1+p) 3 Ky +KY - KT
QI+K)(14+p+K '

Update ({K.},7,K). Fixing ({£®},S), we update
{K«}k, T, and K by minimizing the augmented Lagrangian
L"ho with respect to ({Kx}, T,K). The problem can be
solved separately as follows.

M=

) Vi
Kt =min Aoy Kyl + g”’ck — T (LM + 7,:“'2:
k

1. Vi
:ProxH)\lJUk/p(Sk((E(k))tﬂ) - 7’6)7
Zt
T =argmin | Tl + 2|7 — (87 - 52
T 2 P
o My ets1 2
=Prox S - —),
m/ﬁ( p )
t+1 ol P (k)\t+1 W
K = argmin 600 (K) + §||/C — Z(ﬁ )4+ —Ig
K = p
t
=Projlli=e (D (L") — m).
- p
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