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o Multidimensional structured data AP

RIK

® Data ensemble affected by multiple factors

® Facial images (expression x people x
illumination x views)

® Collaborative filtering (user x item x
time)

® Multidimensional structured data, e.g.,

® EEG, ECoG (channel x time x
frequency)

® fMRI (3D volume indexed by cartesian
coordinate)

® Video sequences (width x height x
frame)
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Outline
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TensorNets for Deep Neural Networks Compression
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ﬁ Machine Learning Tasks

AlP

e Supervised (and semi-supervised) learning predict a target y from an input x

v classification target y represents a category or class
v regression target y is real-value number

e Unsupervised learning no explicit prediction target y

v density estimation model the probability distribution of input X

v clustering, dimensionality reduction discover underlying structure in input x

No data labels
(Find hidden structure)

P(XID)

Unsupervised
learning

Supervised Semi-supervised
learning learning
Labeled data D Labeled data D and

Unlabeled data D
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@ Classical Regression Models AlP

RIK=N

e Regression models
v predict one or more responses (dependent variables, outputs) from a set of
predictors (independent variables, inputs)

v identify the key predictors (independent variables, inputs)

e Linear and nonlinear regression models
v linear model: simple regression, multiple regression, multivariate regression,
generalized linear model, partial least squares (PLS)
v nonlinear model: Gaussian process (GP), artificial neural networks (ANN),

support vector regression (SVR)

Linear Linear No linear relationship

image credit Leard statistics



ﬁ Basic Linear Regression Model

* A basic linear regression model in vector form is defined as
y=f(x;w,b) =(x,w)+b=w'x+b
v x € R'is the input vector of independent variables
v w e R!is the vector of regression coefficients

v b is the bias

v Y is the regression output or dependent/target variable
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ﬁ Tensor Data in Real-world Applications AIP

e Medical imaging data analysis
v MRI data x-coordinate X y-coordinate X z-coordinate

v fMRI data time X x-coordinate X y-coordinate X z-coordinate

Neural signal processing

v EEG data time X frequency X channel

Computer vision
v video data frame X x-coordinate Xy-coordinate

v face image data pixel Xillumination X expression X viewpoint Xidentity

Climate data analysis

v climate forecast data month X location X variable

Chemistry

v fluorescence excitation-emission data sample X excitation X emission




ﬁ Real-world Regression Tasks with Tensors ~ AIP

e Goal is to find association between brain images and clinical outcomes

v predictor 3rd-order tensor MRI images

v response scaler clinical diagnosis indicating one has some disease or not

10



ﬁ Real-world Regression Tasks with Tensors Cont Al'P

e Goal is to estimate 3D human pose positions from video sequences

v predictor 4th-order tensor RGB video (or depth video)

v response 3rd-order tensor human motion capture data

11



@ Real-world Regression Tasks with Tensors Cont AlP

RIK=N

e Goal Is to reconstruct motion trajectories from brain signals

v predictor 4th-order tensor ECoG signals of monkey

v response 3rd-order tensor limb movement trajectories

Prediction of 3-D Hand Trajectory Using KTPLS
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ﬁ Motivations from New Regression Challenges AIP

o Classical regression models transform tensors into vectors via vectorization

operations, then feed them to two-way data analysis techniques for solutions
v vectorizing operations destroy underlying multiway structures
l.e. spatial and temporal correlations are ignored among pixels in a fMRI
v ultrahigh tensor dimensionality produces huge parameters
l.e. a fMRI of size 100X 256 X 256 X 256 yields 167 millions!

v difficulty of interpretation, sensitivity to noise, absence of uniqueness

e Tensor-based regression models directly model tensors using multiway factor
models and multiway analysis techniques
v naturally preserve multiway structural knowledge which is useful in mitigating
small sample size problem
v compactly represent regression coefficients using only a few parameters

v ease of interpretation, robust to noise, unigueness property

13



%>

Basic Tensor Regression Model AlP

* A basic linear tensor regression model can be formulated as

y = f(X; W,b) =(X,W) +b

v X e Riv<xIn |5 the Input tensor predictor or tensor regressor
v W e RvxIn s the regression coefficients tensor
v b is the bias

v Y Is the regression output or dependent/target variable
v (X, W) = vec(X)" vec(W) is the inner product of two tensors
v sparse regularization like lasso penalty on W further improves the performance

* The learning of the tensor regression model is typically formulated as the

minimization of following squared cost function
M

J(ij | W, b) — Z (ym — (<W,Xm> + b)>2

m=1

v {X,,,Ym} m = 1,..., M are the M pairs of training samples

14



ﬁ CP Regression Model AlP

 The linear CP tensor regression [zhou et. al 2013] model given by

y = f(Xs;W,0) =<X, W)+

where the coefficient tensor W is assumed to follow a CP decomposition
R
W = Zuq(ql)ou,,(?)o---ougv)
r=1

— I, UW 5, U .y UMW

 The advantages of CP regression

v substantial reduction in dimensionality
l.e. a 128X128 X128 MRI image, the parameters reduce from 2,097,157 to 1157

via rank-3 decomposition

v low rank CP model could provide a sound recovery of many low rank signals

15



ﬂ Tucker Regression Model AlP

* The linear Tucker tensor regression [Li et. al 2013] model given by

y=f(X;W,b) =X, W)+

where the coefficient tensor W is assumed to follow a Tucker decomposition

ﬂ:gxlU(l) ><2U<2)---><NU(N)

 The shared advantages of Tucker regression with CP regression
v substantially reduce the dimensionality

v provide a sound low rank approximation to potentially high rank signal

 The advantages of Tucker regression over CP regression

v offer freedom in choice of different ranks when tensor data is skewed In
dimensions

v explicitly model the interactions between factor matrices

16



P, General Linear Tensor Regression Model — AlP

* A general tensor regression model can be obtained when regression

coefficient tensor W is high-order than the input tensors X, ,, leading to

Y, =X, |[WY+E,_, m=1,...,M

v X,, € RivxIvisthe Nth-order predictor tensor
v W e RIvxIris the Pth-order regression coefficient tensor with P > N
v Y e Rirp+1xxIpr g the (P-N)th-order response tensor

v (X,,|W) denotes a tensor contraction along the first N modes

* This model allows response to be a high-order tensor
* This model includes many linear tensor regression models as special cases

l.e., CP regression, Tucker regression, etc

17



ﬁ PLS for Matrix Regression AlP

« Goal of partial least squares (PLS) regression is to predict the response

matrix Y from the predictor matrix X, and describe their common latent

structure

 The PLS regression consists of two steps

1) extract a set of latent variables of X and Y by performing a simultaneous
decomposition of X and Y, such that maximum pairwise covariance Is
between the latent variables of X and the latent variables of Y

i) use the extracted latent variables to predict Y

18



ﬁ PLS for Matrix Regression Cont AlP

 The standard PLS regression takes the form of

R
X =TP"+E= ) t,p, +E,

r=1

R
Y =TDC" +F = ) dyt,c} +F

r=1

v X e R!*/ is the matrix predictor and Y € R/*M |s the matrix response
v T = [t1,t2,...,tr] € R"*fcontains R latent variables from X
v U=TD = [ug,uy,...,ug] € R represents R latent variables from Y

v P and C represent loadings or PLS regression coefficients

P,
PT R —
X | = ®xnH + | E :Z 4+ | E
r=1 Ht¢,
d C,

(IxJ) (IXR) (IxJ) (IxJ)
D CT R 0e———
Y |= (RXR) &) +| F :Z ﬂ 4| F
r=1 t,
(IxM) (IxR) (IxM) (I*xM)




ﬁ PLS for Matrix Regression Cont AlP

 The PLS typically applies a deflation strategy to extract the latent
variables T = [t,t2,...,tg] € R™*fand U = TD = [uj,uy,...,ug] € RI*E

as well as all the loadings
» A classical algorithm for the extraction process is called nonlinear iterative

partial least squares PLS regression algorithm (NIPALS-PLS) [wold, 1984]

* Having extracted all the factors, the prediction for the new test point X*

can be performed by
Y* ~ X*WDC*!

here W is some weight matrix obtained from NIPALS-PLS algorithm

20



ﬁ High-order PLS for Tensor Regression AlP

e Goal of high-order partial least squares (HOPLS) [zhao et. al 2011] regression
allows to predict the response tensor Y from the predictor tensor X and
describe their common latent structure

« HOPLS extends PLS by projecting tensorial data onto a common latent

subspace but using block Tucker decomposition [De Lathauwer, 2008]

o Similarly, HOPLS regression consists of two steps

1) extract a set of latent variables of tensor X and tensor Y by performing a
simultaneous block Tucker decomposition of both tensor X and tensor Y,
such that maximum pairwise covariance is between the latent variables of X

and the latent variables of Y

i) use the extracted latent variables to predict tensor Y

21



ﬁ HOPLS Framework AlI'P

 The standard HOPLS performs joint block Tucker decomposition of both

predictor tensor and response tensor by

R
= Z o X1t xe Py POV 1By

R
ZQ X1t xg QW x v 1 QN +F g

v X e RMxhx-xIn jg the (N+1)th-order predictor tensor by concatenating M samples
v Y e RMxJixxJInig the (N+1)th-order response tensor having the same size M
v t, € RMis the latent variable for the r-th component

v {P&”)}N e RbLrand {Q("’)} e R/*K« gre the loadings for r-th component

n=1

v G, € RixlixxLy gnd G,, € RV 1xExN gre the core tensors for r-th component

22



ﬁ HOPLS Framework Cont AlI'P
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@ HOPLS Framework A Compact Formulation AIP

RIK=N

 The standard HOPLS can be rewritten in a more compact form
X = Gx ><1T XQF(l) XN+1F(N) —|—ER
Y=G,x1T XQQ(D ©rr XN41 Q(N) + Fp

v T = [ty,...,tg] IS the latent matrix

vP™ = p™ . P®1and Q" = [Q[",...,Q\] are the loading matrix

9 o o e

v G, = blockdiag(G,1, ..., G, ) € Ritxflix-xElyig the core tensor for input

v G, = blockdiag(G , G, ) € Rfxfthexiikn ig the core tensor for output

P(z) (szRLZ)

| (DT
= I

T (RXRL,xRL,) (RL xI))

y]_,...

Gx

+ | E

|4
I

(M %I x 12)
(2)
Q

Gy 7 VR

=1 K
- +

T (RxRK\xRKy)  (RK,xJ))

F

(MXJIXJz) (MXR) (MXJ1XJ2)
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@

RIMEN

-

HOPLS Experimental Results

e Goal to decode limb movement trajectories based on ECoG signals of monkey
v dataset ECoG food tracking data

v predictor 4th-order tensor sample X time Xfrequency X channel
v response 3rd-order tensor sample X time X 3D positions X marker

Data Aquisition

Motion capture

Tensorization
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ﬁ Outline

 Tensor Regression
 TensorNets for Deep Neural Networks Compression
e (Multi-)Tensor Completion

e Tensor Denoising
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ﬁ Background AlP

 Deep Neural Networks (DNNs) archives the state-of-art performance in many
large-scale machine learning applications

v l.e. computation vision, speech recognition and text processing etc

« DNNs have thousands of nodes and millions of learnable parameters and are
trained using millions of images on GPUs

 DNNs reaches the hardware limits both in terms the computational power and
the memory

* DNNSs reaches the memory limit with 89% [Simonyan and Zisserman, 2015] Of
even 100% [xue et al, 2013]memory occupied by the weight matrices of the fully-

connected layers

27



@

RIK=N

VGGNet Example

 The huge number of parameters of FC layers is the bottleneck in a

typical DNN like VGGNet [Simonyan and Zisserman, 2015]

INPUT: [224%x224x3] memory: 224"224*3=150K params: 0
CON\V3-64:; [224x224x84] memory: 224'224'64=3.2M
CONV3-64: [224x224x64] memory: 224*224*64=3.2M
POOL2: [112x112x64] memory: 1127112764= :OOK params: 0
CONV3-128: [112x112x128] memory:
CONV3-128: [112x112x128] mameory:
POQOL2: [56%E6x128] memory: 55726"128=40CK params: 0
CONV3-266: [565x56x25€] memory: 56°56°256=800K params:
CONV3-256: [56x56x25€] memory: 56*56°256=800K params:
CONV3-255: [556x56x25€] memeoery: 56™567256=500K params:
POOL2: [28%28x256] memory: 25°28"256=20CK params: 0
CONV3-512: [28x28x512] memory: 28*28"512=400K params:
CONV3-512: [2Bx28x512] memary: 28"28"512=400K params:
CONV3-512: [28x28x512] memery: 28°28'512=400K params:
POOL2: [14x14x512] memory: 14714*512=10CK params: 0
CONV3-512: [14x14x512] memory: 14714*512=100K params:
CONV3-512: [14x14x512] memecry: 14°14°512=100K params:
CONV "'* 512: [14x14x512] memory: 14°14*512=100K params:
POOL2 [7x7x512] memary: 7777512=25K params: C

C: [1x1x4C96] memory: 40S6] oarams: 7°7°512°4C96 = 102,760,445
FC: [1x1x4C96] memory: 40¢6] params: 409674096 = 16.777,216
FC: [1x1x1C00] memory: 1000params: 40961000 = 4,056,000

28

(373"128)'286 =
(373°256)*256 = 589,824
(3737256)*256 = 589 824

(3-3°256)*512 = 1,178

(3¥37512)*512 = 2,358,206
(3*3'512)'612 = 2,358,206

(3736
.335
(373*5

(not counting biases)

params: (3'3°3)'34 = 1,728
params: (3°3°64)°64 = 36,264

112*1127128=1.6M params: (3*3"64)"128 = 73,728
112°1127128=1.6M params: (3"3"128)"128 = 147,456

294 812

5648

112)*512 = 2,358 2596
2)'612 = 2,358,296
12)*512 = 2,358,296

LonvNet L’:mhg-umtlm

B C D
15 weight 16 welght 16 weight § 19
layers layers layers 2
wt (221 % 224 RUB imagg
convi-64 convi-bHd convi-€4 cC
cony3-64 conv3-H4 conv 3-¢4 o
maxpool
convi-l2X convi-12% oot
conv3-128 | conv3-128 cor
maxponl
corvi.256 | convi-236 |§convi.236 § cot
canv3=256 | convI=256 [Beonvi=256¢ f oo
convl-256 |Jconv3-256 § co:
co1
maxpool
comvi-s12 | convi-512 [§convi-si2 § co:
cornv3-S12 | conv3-512 |§convi-512 § cor
convl-S12 |Reconv3i-Si2 oot
ol
maxponl
comvld-512 | conv3-512 |Bconvi-512 § co:
corvld=512 | conv3=512 |§convi-512 J§ co:
convl S1Z |Rcony3 S12 § cor
col
maxpool
FC 1096
FC-1096
FC-1000
soft-max




ﬁ TensorNet for DNN Compression AIP

e TensorNet [Novikov et. al, 2015] applies tensor train (TT) [Oseledet, 2011] format to

represent the dense weight matrix of the fully-connected layers using fewer

parameters while keeping enough flexibility to perform signal transformations

 The advantages of TensorNet

v compatible with the existing training algorithms for neural networks
v maitch the performance of the uncompressed counterparts with compression

factor of the weights of FC layer up to 200, 000 times leading to the compression

factor of the whole network up to 7 times

v able to use more hidden units than was available before

29



ﬁ Tensor Train Decomposition AlP

e Recall that in index form, tensor train decomposition (TTD) can be

represented by

X(il,ig, ...,id) ~ Zao oy Gl[il](()éo, Ozl)GQ[iQ](Ofl, 042) s Gd[id](ad_l, Ozd)

.....

30



ﬁ TT-vector AlI'P

e TT-vector converts a long vector into a TT-format

4 u(e) =
/ (k1 (£), 2 (£), .., Ma (£))
r
H‘R%Rd TTD e = Hi(l

T'T-vector
|b @

v vector b € RMyhere N = Hk 1 Tk

v coordinate ¢ € {1,..., Nof vector b € RV

v d-dimensional vector-index #(¢) = (p1(€), p2(£), ..., 1a(f))of tensorized B,
where k() € {1,...,nx}
¢ B(u(f)) = bsholds

v TT-format of B is called TT-vector

31



ﬁ TT-matrix AlP
o TT-matrix converts a big matrix into a T T-format
(r,4) (v(#),u(6)) =
// (Vi(1), 11 (£), .., va(t), pa(€))
" |v:R = R? i = (Vi) e (£))
u:R—RY TTD
TT-matrix
W y/

v matrix w € RM*N where M = ]'[‘,f=1 my and N = 1’[‘;=1 Nk

v row coordinate ¢ € {1, ..., M} and column coordinate Z € {1,..., N} of

v d-dimensional vector-indices (v(t), u(£)) = (v1(t), p1(€), ..., va(t), pa(€)) of W

tensorized W, where ux(t) € {1,...,mx} and px(€) € {1,...,nk}
v W(u(t),u)) = W(t,£) holds

v TT-format of W is called TT-matrix

W(r(t), p(€)) = Gl (t), 0 (£)]Galra(t), u2(£)] - - - Galva(t), ua(f)]

32



@ TT-layer AlP

RIK=N

* Fully connected layers apply a linear transformation to N-dimensional input

y=Wx+Db

vector X

where the weight matrix W € RM™*¥ and bias vector b ¢ RM

» TT-layer transforms input X (in TT-vector) by the weight W (in TT-matrix), to
the output

y(ila °°°77:d) — Zjl,---,jd Gl[ilajl] e Gd[idajd]x(jla °°'ajd) =T B(ila °°'>id)

* The application of TT-matrix-by-vector operation yields low computational

complexity of forward pass O(dr?m max(M, N))

* The learning can be performed by applying back-propagation to FC layers to

compute gradients w.r.t the tensor cores

33
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RIK=N

TensorNet Experimental Results Cont

AlP

e Substitution of FC layers with the TT-layers in VGG-16 and VGG-19 networks

4

4

4

v

FC stands for a fully-connected layer

TT'$ stands for a TT-layer with all the TT-ranks equal ‘$’

MR‘$’ stands for a fully-connected layer with the matrix ranks restricted to ‘$’

The experiments report the compression factor of TT-layers; the resulting

compression factor of the whole network; the topl and top5 classification errors

. TT-layers |vgg-16|vgg-19|vgg-16|vgg-16 | vgg-19 | vgg-19
Architecture compr. compr. |compr. [top1l |topd |topl [top>5
FCFCFC 1 1 1 30.9 11.2 29.0 10.1
TT4FCFC 50972 3.9 3.5 31.2 11.2 29.8 10.4
TT2 FC FC 194 622 3.9 3.9 31.5 11.5 30.4 0.9
TT1FCFC 713614 3.9 3.9 33.3 12.8 31.9 1.8
TTATTAFC | 37732 7.4 6 32.2 12.3 31.6 11.7
MR1 FC FC 3521 3.9 3.9 99.5 97.6 99.8 99
MR5 FC FC 704 3.9 3.9 81.7 53.9 79.1 H2.4
MR50 FC FC 70 3.7 3.4 36.7 14.9 34.5 15.8




RIK=N

Outline

Tensor Regression

TensorNets for Deep Neural Networks Compression

(Multi-) Tensor Completion

Tensor Denoising
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2 Tensor Completion AT

RIMEN

Tensor completion problem:

Tensor completion is to apply tensor method to infer a
tensor with missing entries from partial observations.

Observed entry Missing entry

Incomplete tensor Completed tensor




Motivation

Social network analysis

Recommender system
Collaborative filtering

User-based filtering

Item-based filtering
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Matrix Factorization for Incomplete Data

Y =UV
VT
M P U users
S i 2 3 <+ B & 7 8 9 19 11 12 13
1 4 4 5
8 |5 1 4
2 5 4| |4
4 5
g 5|4 4| W4 5
Challenges: W | 86 1 2|3
713|5| |3 4 4| |3
* ill-posed problem 8 4 3 5
o 1 2 2
 infinite solutions 105 4

Regularizations: Singular Value Decomposition (SVD)

Non-negative Matrix Factorization (NMF)
Probabilistic Matrix Factorization (PMF)
Gaussian Process Latent Variable Models (GPLVM)

e Low-rank assumption

e Smoothness, non-negativity

38



RIMEN

Tensor Completion

Solving scheme 1.:
low-rank assumption on tensor

Example: High accuracy LRTC (HaLRTC)

AlP

m)}n || X HaLRTC _ |min :
s.t. : XQ — 7?2 st
Observed entry Mi;:,sing entry
g O @ﬁ
7
@%?@/ ?  Low-rank
50 5 . ==
a assumption
T G°

Incomplete tensor

ZO‘ZHX(Z)H

XQ:TQ.

Assume the tensor matricization
of each mode is low -rank

Completed tensor

[Liu, et al., 2013]




2 Tensor Completion AT

RIMEN

Mode-n matricization of a three-order tensor:

@ X(l) low-rank

/ mode-1 slices mode-1 matricization
y /4
* * _
s X(2) low-rank
mode- L
mode-2 \ mode-3 slices mode-3 matricization
X(B) low-rank
3-order tensor mode-2 slices mode-2 matricization

[Kolda, et al., 2009]




Technical problems

Model selection problem

* Rank determination; tuning parameter selection
Uncertainty information (confidence region)

e Point estimation by ML, MAP, or optimisation methods
* Overfitting problem

Efficiency (MCMC, Gibbs inference - easy derivation
but slow convergence; no analytic solution)



Tensor factorization with missing values

* Problem: Ath-order tensor is partially observed.
Y=X+e¢ e~]1l, i N0, 77 1)

() indicates observed indices O is a indicator tensor
e True latent tensor is represented by a CP model with the minimum R

R
x=Yalo...oa™ =[AD . AM],
r=1

e Sparsity imposed on latent dimensions of factors

T(z]0,\,v) = /N($|O,7')Ga(7'|a, b)dr

Gauss an ‘, Sludani-1
rJ
L i .0 '-._-,V',‘ ]
N \
0 x

Incomplete Tensor Low Rank Approximation




Bayesian CP factorization

* Observation model (likelihood)

R baxa—le—ba:
['(a)

p(A) = [[Ga(\leh.dp),  p(7) = Ga(7|ag,bg).  Ga(z]a,b) =

Q. Zhao et al, IEEE TPAMI 2015



Our objective

* The posterior distribution of all unknowns

p(O|Yaq) = PO, Vo) O = {A(l), . ,A(N), A, T}

~ [p(©,Yq)dO

e Predictive distribution for missing entries

p(MalVa) = / p(Mal®)p(O[Ve) de,

e Analytic intractable and resort to approximate inference
e Variation Bayesian inference; Expectation propagation

e Sampling methods such as MCMC gibbs



Model learning via Bayesian Inference

e KL divergence between approximation and true posterior
distributions

K L(ql||p)

® Factorization of approximation distributions = ———x=—

¢(©) = gx(N)g-(7) ﬂ G (A<”>) .

® Approximation for posterior distributions

In R
an(A™) = TT N (aa”, vi?), ) = [[ Ga(hlehs din). g7 (7) = Ga(T|ans, bur),
in=1

r=1




Model learning

e Posterior of latent factors

(A = H N( (n) |5

tn—=1

Al v

a;") = By[r]V{ By [AN™ ]vee (Vyo,,-1))
v = (EQ[T]E [ANITAN] Eq[A])_l,

AT (@ A(k))
K(O;, =1)

k#n

Variational Message Passing
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Model learning

* Posterior of hyper parameters- precision of latent
factor

N
R 1
o cyy=co+ =) In
o) = [[Gathlhr diy). M =932
r=1

N
P g L (n)T _ (n)
dM—d0+§n§::1Eq [a.r a., }

* Posterior of noise precision

Variational Message Passing

47



Demonstration of learning procedure

T T————
Figure 1 S

e Size 10x10x10

e Rank =5

) N(0,15),

vn,Vi,,a;

File
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C
O

Image Complet

Missing rate

HardC. KTD

FCSA

MP CPWOPT STDC HaLRTC FalLRTC

Observation FBCP FBCP-

=
o
N~

80%

90%

95%



Faclal Image synthesis

3D basel face model
Image size 68 x 68

10 people x 9 poses x 3
Illuminations

large variants of faces captured
from surveillance video

Robust face recognition

People

Method 36/270 49/270 64/270 81/270
T M T M T M T M
FBCP 006 010 0.06 010 0.09 015 012 0.20
CPWOPT 053 065 056 061 058 059 065 0.73
FaLRTC 011 028 013 030 015 031 019 034
HardC. 037 037 037 040 037 040 037 040
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Bayesian Sparse Tucker Decomposition

T1x-oX]
» Model assumption: Observed Nth-order tensor Y € R7757

Rz

Yy = X + = X =G x; U %, U x ... xxy UM

e Likelihood function:

Vec(y)‘{U(n)} G, 7T ~ N <(® U(n)>vec(g), 7'11>

“ Group Sparsﬂy prlors over factors

% Slice sparsity priors over cores

“* Shared sparsity patterns between
cores and factors

B~ Ga(ag, bg),
u{™ A ~ /\/(0, A(nrl), Vi, Vi, .
Student-t:  A{™ ~ Ga(
Laplace: A ~ IG(1, %), Vn, Yy,
(

Joint distribution of the model
p(¥,0) =p(Y{UM}, G, r) [[p(U™|A™)

g p(G[{A™}, 8) TTp(A™ 17)p(7)p(B)p(7).
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Model Inference

- Variational Bayesian

9(©) = q(G)q(B) [ [a(U™) [T a(A™)a(7)a(r).

Posterior of the core tensor

2(G) = N (vee(9)|vec(9). % )

vec(G)

S = {IE[B] QE [A™] +

G) = E[r] Z¢ (@E [U(”)TD vec (),
E[r] QE [U(”)TU(")} }_1 .

Posterior of noise precision 7

q(T) = Ga(a}\-/[’ bg/[)

T T
Ay = Qg + =

1

'In
2417
n

vec(Y) — <® U(n)> vec(G)

]

53

Posterior of factor matrices
U(n) H N( (n)

ﬁgj),qﬂn)) n=1,... N,

U™ =E[r] Y (n) (®E[U(k)}>E[GE‘Fn)} v a7

k#n
}1

(18)

wim) = {]E[A(”)] +E[7]E

k)T k T
G(n) <® U( ) U( )) G(n)

k#n

Posterior of Ax™®, n=1... N




Bayesian Sparse Tucker Completion

Model assumption: Nth-order tensor Y € Rfx> >y
Yao=Xq+e X=0Cx,UD 5, U x...xy UM,

() denotes a set of N-tuple indices Oiyoiy = Lif (i1,...,in) € Q

Likelihood function:
{U»E:)} G, T ~N <<® ug:w) voo(G), 71> .

Priors over model parameters are same as BSTD

yil...iN

Model inference are different for core tensor G, factor matrices
U, and noise precision 7

Predictive distribution over missing entries

Incomplete Tensor Low Rank Approximation

p(Viy i Ver) = / p(Virin|©)P(O]V0) dO
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Demonstration of Learning Procedure

* TJensor: 20 x 20 x 20 with 70% missing elements
* Multilinear rank: 2 x 3 X 3

-

' sz | = .
B Figure 1 = Bl X B Figure 2 = =

oS

File Edit View Insert Tools Desktop Window Help 3 }File Edit View Irsert Tools Desktop Window Help

DEdde RO E g -S| 0E " z'_‘}_;'dé B AKX LRA- 20 D@
i

Core tensor

fwa

Mode-1 Mode-2 Mode-3
: = L BT T afIT3 =EE 2
2 Friats FasiiT 5L o o
EE T i == I R
T O e S 2-
5 10 S F= 10 1o EE 0=LTE > 3
©  EEECT] PR B 4-
=] —r m S - ™ [ . P P
()] — - - -t i ol ol - et - - - ~
:1551_;::.-'15:.;:.;;.15:'.:':?: ¢
LS opEomes Limaem mLETE 1
20 ---;---4&---- 2:) R — g == 20 -..o--:-—-—,----
2 4 2 4 2 4

Latent dimensions

Poslernor mean of hypeiparamelers
1

035

0 0 0
t 2 %4> T 2349 Y 234D
Latent dimansions
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MRI Dataset

(a) 50% missing (b) 80% missing
TABLE Il

THE PERFORMANCE OF MRI COMPLETION EVALUATED BY PSNR AND RRSE. FOR NO1SY MRI, THE STANDARD DERIVATION OF
GAUSSIAN NOISE IS 3% OF BRIGHTEST TISSUE. MRI TENSOR IS OF SIZE 181 X 217 X 165 AND EACH BLOCK TENSOR IS OF SIZE

50 x 50 x 10.
50% 60% 70% 80%
Original Noisy Original Noisy Original Noisy Original Noisy
BSTC-T | 27.32 0.11 | 26.18 0.12 | 2530 0.14 | 24.60 0.15 | 22.81 0.18 | 2235 0.19 | 20.14 0.25 | 20.00 0.25
BSTC-L | 2691 O0.11 | 2557 0.13 | 24.84 0.15 | 2395 0.16 | 2276 0.19 | 22.09 0.20 | 20.12 0.25 | 19.80 0.26
iHOOI 22.69 0.19 | 2145 0.22 | 2247 0.19 | 21.16 0.22 | 21.63 0.21 | 20.11 0.25 | 18.65 030 | 17.89 0.32
HaLRTC | 24.84 0.15 | 23.60 0.17 | 2235 0.19 | 21.65 0.21 | 1993 0.26 | 19.55 0.27 | 17.37 034 | 17.15 0.35
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Bayesian Robust lensor Factorization

Model specification

p()’g‘{AW}fj:l,sQ,T) - 11 -

11=1 in=1

Ozlz
N()/Z-l__,iN <a§11),--- a(N)> —|—S¢1...7;N,7'_1> N,

' IN

Incomplete Tensor  Low Rank Sparse Noise




Demo of the model
learning procedure

Tensor size: 30 x 30 x 30
CPrank: R =3

Gaussian noise: SNR =
20dB

Missing rate: 80%

Outliers: rate = 5%, M=
10*std(X);

Maximal rank is set to 10.

Bl Fiqure 1 |=’,, ES
File Edit VYiew Inser: Tools Desktop Window Help
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5 B (N |
= 0l - sl — =
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05 | O - Sy C.O
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L
B Figure 2 = | = 2

File Edit View Inser: Tools Decktop Window Help
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RegL1ALM VBRPCA .
I BT B

t-ts ‘i' =
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: =
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GoDec DRMF RegL1ALM VBRPCA PRMF BRMF DECOLOR BRTF
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Videos with 90% missing pixels

HORPCA BRTF

Original (1/300)

RegL1ALM
] Ivﬁx ,i"m.

Qriginal (1/100] RegL1ALM




RIMEN

3 Tensor Completion AR

Solving scheme 3:
tensor decomposition by gradient-based optimization

Find the low-rank tensor decomposition by observed entries.

Observed entry Missing entry

g O @/7 R m— m
5 7/ (7 Low-rank )
o A
approximation Tensor completlon
G()

a9 g 7 9“7)
?
(1) g(2) '
Gl
Incomplete tensor Tensor decomposition Completed tensor

[Yuan, et al., 2017]




RIMEN

2 Tensor Completion AT

Tensor train decomposition (TTD)

Decompose a tensor X € RI1>/2xxIn to TT format:

g(l) g(2) g(N—l) g(N)
/] A

o . /)

V-1 @

IN—1

tensor train: X :

------

. (TL) Trn—1 XLy X1y
Core tensor: G'"/ ¢ R ; For each element:
Silce: G(™ € R™n-1%"n, .
TT-rank: {ro,71, -~ ,rn},70 =7rNn = 1, Ligiy = H GEZ)
n=12---.N. n=1

[Oseledets, et al., 2011]




RIMEN

2 Tensor Completion AT

Tensor train stochastic gradient descent (TT-SGD)

Ym = V(L5 i)
For one observed entry: / :
ﬂf =)
: i n 7
The approximation of TTD: Zm = H G( ) Fa'a?| ?
?@@ il m
O ?
2 T 7

IN

1 n
Loss function: f(Gi, G- Gin)) = 5 || H G

The gradient for according slice of core tensor:

of
oG

= (Tm — ym)(Gi G ,n =1,..,N

Where Gy = H Ggf;), G = H G(”).

n=n-+1

[Yuan, et al., 2018]




2 Tensor Completion AT

RIMEN

Algorithm 2 Tensor-train Stochastic Gradient Descent (TT-SGD)

Input: incomplete tensor Y and TT" — rank r.
TT_SG D Ove rVi eW Initialization: core tensors G(1), g<2>, e ,Q’(N)of approximated tensor X.
While the optimization stopping condition is not satisfied
Randomly sample one observed entry from Y w.r.t. index {i1,42, - iy}
For n=1:N

Compute the gradients of the according tensor slices by equation (11).
End
Update GS), Gg), e ,Ggg) by gradient descent method.

. ;_II.'_3 ;_’I“_: End While
High-order ||

tensorization |[FH=-: s 10: Output: g, g? ... gV,

‘B R B N

- TN -1

Observed data

gWN-1) .
. p(ed\c“o(\

Approximate}-\cfi
n=1

Recovered missing data
Low-rank TT approximation

[Yuan, et al., 2018]




2 Tensor Completion AT

RIMEN

Experiment results

Original

>
.
h)

. Q \\ -
- :‘\"“\‘:5 :?‘ >

scratch

el Y-
b A e

i

line ===
—_—
=
block

[Yuan, et al., 2018]




2 Tensor Completion AT

RIMEN

High-order tensorization

l’-=| ?-.1=3 l’-=| ?-.1=3

g1 PR N High-order
- - tensorization

c— 3

6_2—0122 !_—1 ‘l=2 !_—1

g=]

Tensorization for a 256x256x3 image  Better data structure

From 3-way to 9-way The first order represent a 2x2 pixel block.
1.Reshape 256x256x3 to 2x2x...x2x3 (17-way tensor).  The second order represent four 2x2 pixel block.

2.Permute by {192103114 125136147 158 16 17}.

3.Reshape t0 4x4x4x4x4x4x4x4x3 (9-way tensor). This can catch more structure relation of data.

[Yuan, et al., 2017]
-



2 Tensor Completion AT

RIMEN

Comparison of applying tensorization

TT-WOPT TT-SGD CP-WOPT FBCP HaLRTC TLnR

3D tensor

9D tensor

9D tensor with §
proposed
tensorization

90% random missing

[Yuan, et al., 2017]




RIK=N

Outline

Tensor Regression

TensorNets for Deep Neural Networks Compression

(Multi-) Tensor Completion

Tensor Denoising

638

AlP



2
m
=@

Noisy Denoised

/1 /1
. i -

N N

Grouping by cube-matching

Tensor

Factorization
(HOSVD, BCPF)

IEEE TIP 2013;
IEEE TPAMI 2013

Tensor denoising ATD
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Original Noisy Denoisec

Noisy MRI (T1)

* 181 x217 x 165

* Noise std = 10% Original Noisy Denoised
max value
e PSNR = 22dB

Denoised MRI unginai INOISY UENOISEQ

* PSNR = 36dB




Learning efficient tensor representations with ring

structure networks (ICLR Workshop 2018)

< Motivation:
® Tensor train is too strict dueto 71 =rg41 =1
® TT-ranks are bounded by the rank of k-unfolding matricization
® |nconsistent solution from permutation of data
<+ Proposed model:
® More generalized model without constraint 71 = 17411 =1
® Sum of TT with partially shared core tensors
® Tensor ring ranks: 3k,riry1 < Rir1. Rank(Ty) = Ry

T(i1,da,...,1q) = Tr{Z1(i1)Z2(i2) - - - Zq(iq)} = Tr { 1] Zk(ik)} .

/1



Tensor Ring Decomposition

Algorithms:
Sequential SVDs
Ty (i1, 12 - Z 7=y, anan) 27 (@nag, e - - - 14)-

Scalar representation

.....

T(il,ig, .. ,id) = Z H Zk ak,zk,akﬂ)

Lsoag=1k=1

Slice representation

T(il, 7;2, 5 0 o ,id) =Ir {Zl(’Ll)ZQ(Zg) cee Zd(’Ld)} ,

Z7 g, iz - igan) = Z Zo(agia, a3)Z7? (g, i3 -

a3

ALS algorithm

Ty = Zi(z) (Zé]k )T ,

/2

"l:d()fl).

Noora S
Z4 : .
nd\ / 7’1/ \k+1
n1 T nEg =— ni— 2 Z, —ng
n2/ \ 7’2\ /Tk:
Zy | e
N
T(’il,ig ..... Zd) = TT(ZZ(i2)7 Z3(7'3) 7777 Zd(zd) Zl( ))

= =Tr(Z4(iq), Z1(i1), ..., Zi1(ig-1)). (4
Circular dimensional
permutation invariance

- Block-wise ALS algorithm

\7"k+1

Z, —nNg

In

N



Properties of TR Representation

 Sum of tensors

T1 = §)%(2';17---72’760 Ts = T1+ Ty, . Zi (i) 0 ir=1,...
| X’f(”ﬂ):( 0 Y('))’ k=1
T2 :%(ylw"ayd)/ T3:3%(X1,...,Xd), kYK I
- Multilinear products
_ _ T T
T_gR(Zly"')Zd) C—T><1111 ><2"’><dud
C — §R(X1, ce ,Xd) where Xk = Z Zk(zk)uk(zk)
=1
- Hadamard product of tensors
Ts =T1®Te = %(Xl,...,Xd), Xk(zk):Zk(zk)@)Yk(zk), Ek=1,...,d.

» Inner product of two tensors
 Apply Hadamard product followed by multilinear products with vectors
of all ones.

/3



Relation to Other Models

CP decomposition is a special case of TR when cores are
slice diagonal

T =R(V1,..., V)
)

T: 'u_(()él)Q...Q'u_(()éd)7 '
z_: Vi (i) = diag(u rf )

Tucker decomposition
T =G x; UD x5 x, U@ T = R(Z4.,...,24)
G =RV1,..., V) Zj = Vi x2 UF),
TT decomposition is a special case of TR when 3n,r, =1
T(i1,...,iq) = Tr{Z1(i1)Z2(i2) - - - Zq(iq)}

— Z Zl(al,il,:)TZQ(iQ) Zd 1(Zd 1)Zd( Zd7a1)

a1 =1

TR I1s a sum of TT representation

74



Data Structure Reconstruction

The first order represent a 2x2 pixel block.
The second order represent four above block.

16x16 block image to 4x4x4x4 block format:
1. Reshape to 2x2x2x2x2x2x2x2.

2. Permute by {1,5,2,6,3,7,4,8}.

3. Reshape t0 4x4x4x4.

16x16 block

Figure 1: The effects of noise corrupted tensor cores. From left to right, each figure shows noise
corruption by adding noise to one specific tensor core.
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Learning efficient tensor representations with ring

structure networks (ICLR Workshop 2018)

Representation
of original data
or model
parameters

Tensorization Is
important and
unexplored

io =1 o =21
11 11 =41 11 =4
11 1Z1 2’i1 121 2
Z2:3 Z2—4 B
| 1j=3
ip=3li; =4|i; =3i; =4H 1=2
Jj=1

Table 4: Image representation by using tensorization and TR decomposition. The number of
parameters is compared for SVD, TT and TR given the same approximation errors.

Data e =0.1 e = 0.01 e =9e¢ -4 e =2e—15
" — 956.d — 2 SVvD TT/TR | SVD TT/TR | SVD TT/TR | SVD TT/TR
B A 907e3 9.7e3 | 72e4 T72e4 | 1.2e5 1.2¢5 | 1.3e5 1.3e5
Tensorization e =0.1 e = 0.01 € =2e—3 e =1le—14
TT TR TT TR TT TR TT TR
n=106,d=4 | 5.1e3 3.8¢3 | 6.8e4 64ed | 1.0e5 7T.3ed | 1.3e5 7T.4e4d
n=4,d=8 | 483 43e3 | 7.8e4 T7.8ed | 1.1e5 98ed4 | 1.3e5 1.0e5
n=2,d=16 | 74e3 T74e3 | 1.0e5 1.0e5 | 1.5¢5 1.5e5 | 1.7e5 1.7e5
L & TT-layer . -=-TT-layer
~ | -® TR-layer S I = @ TR-layer
= \, ..l e
SETI Se o N
g ‘ ‘ E \\\\ \‘\‘
06 \\\ N, D21 ' \.
=N I = e ™
S ey = 2
0.2 \\“\\ ~l.\ - Lol ‘\\\\
0 : - ————@ — e ®
2 4 5 6 2 3 4 5 6
Ranks Ranks

Figure 7: The classification performances of tensorizing neural networks by using TR representation.
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[ Discussions A2

 What are the most important advantages of tensor

methods?

* Which kind of tensor methods is promising in the future?



