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R Outline
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» Vector and linear algebra

» Matrix and its decomposition

* What is tensor?

» Basic operations in tensor algebra

» Classical tensor decomposition
+CP Decomposition

+ Tucker Decomposition

AlP



R Vectors AT
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We can think of vectors in two ways:

o Points in a multidimensional space with respect to some
coordinate system

o translation of a point in a multidimensional space
ex., translation of the origin (0,0)

(2,3)




2 Dot Product or Scalar Product A1
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Dot product is the product of two vectors
Example:

Xl | W
XY= ' =XV TN, =S
Xo | )2

It is the projection of one vector onto another

x-y = |x|y]cos &

Xy



[ Dot Product or Scalar Product A1

Commutative: X-y=y-x
Distributive: (x+y)z=x-z+y zZ
Linearity

cx)-y =c(x-y)

(Clx)' CzY) = (Clcz )(X ' Y)



[ Norms AP

Euclidean norm (sometimes called 2-norm):

x| = |x], = Jx-X :\/x12+x§+---+x,f = ) x;

I
Vs

The length of a vector is defined to be its (Euclidean) norm.

A unit vector is of length 1.
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D=USVT

2 Singular Value Decomposition AP

D U IZZIZZE S

, [ x1I
Amatrix De R " ° hasa column space and a row space

SVD orthogonalizes these spaces and decomposes D

D=USV 7 ( U contains the left singular vectors/eigenvectors )
( 'V contains the right singular vectors/eigenvectors )

Rewrite as a sum of a minimum number of rank-1 matrices

R
D= owu,ov,
r=1
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[ Matrix SVD Properties AR

iy R
Rank Decomposition: D:Z o U oV
r
o sum of min. number of rank-1 matrices r=l
D O, 40, . ceeee 4O
- V1T V2T ] VRT
| U | U, | ug

I
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Data often available in matrix form.

ec0e0o00000
[ @000 0000
000000 Q@0
o000 0 00O
00000000

2 Matrix in Machine Learning

samples

coefficient

AlP



@

RIMEN

Matrix in Machine Learning

Data often available in matrix form.
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3 Matrix in Machine Learning AT
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Data often available in matrix form.
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R Matrix Decomposition in Machine Learnin¢ AjP

~ dictionary learning
low-rank approximation
factor analysis
latent semantic analysis

dictionary W activations H

o0 (0000000
o0 0000000
@@
@@

@ 9




R Matrix Decomposition in Machine Learnin¢ AjP
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~ dictionary learning
low-rank approximation
factor analysis
latent semantic analysis

data X dictionary W activations H
4 ) (" N )
Q000000 Q0 0000000
00000 O @0 06000600,
Q000000 == 00
00000 O @0
0000000 @ o




R Matrix Decomposition in Machine Learnin¢ AjP

RIMEN

for dimensionality reduction (coding, low-dimensional embedding)
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R Matrix Decomposition in Machine Learnin¢ AjP
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for interpolation (collaborative filtering, image inpainting)

.....................................................
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@ Basic Model of Matrix Decomposition AT
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N samples

F features
<
!
=

-
\_




@  Matrix Decomposition with Constraints AT
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Different types of constraints have been considered in previous works:

— Sparsity constraints: either on W or H (e.g., Hoyer, 2004; Eggert and Korner,
2004);

— Shape constraints on wy, e.g.:

» convex NMF: w, are convex combinations of inputs (Ding et al., 2010);
> harmonic NMF: wy are mixtures of harmonic spectra (Vincent et al., 2008).

— Spatial coherence or temporal constraints on hy: activations are smooth
(Virtanen, 2007; Jia and Qian, 2009; Essid and Fevotte, 2013);

— Cross-modal correspondence constraints: factorisations of related
modalities are related, e.g., temporal activations are correlated (Seichepine
et al., 2013; Liu et al., 2013; Yilmaz et al., 2011);

- Geometric constraints: e.g., select particular cones C,, (Klingenberg et al.,
2009; Essid, 2012).




RIMEN

* ICA (Independent Component

« SCA (Sparse Component Analysis)
- MCA (Morphological Component

- NMF (Non-negative Factorization)

2 Matrix and Matrix Decomposition AR

NMF
(non-negativity
constraints)

Analysis)

ICA
(independency
constraints)

SCA
(sparsity constraints)

Analysis)

MCA
(morphological
features)
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2 Principal Component Analysis AR
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Vectorised imagces Facial Importance of features

5 features in each image
r N p < . .
~ 9 )

\. y,
= K

V W H

B
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Principal Components

5 2nd Principal -
Component, y, Ist Principal
Component, y,
O »
O
4+ o -
o 0
O O
O
O
3 _
O
2 I I I
4.0 4.5 5.0 5.9 6.0

AlP

Objective Function:

max (WTXXTW)

W

« PCAis to look for a low dimensional
projection in which the majority of signal
energy Is kept.

« Here “Principal” represents “Major” that
the projected signal has the largest
energy along the first principal direction
(red line in the figure).
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Assuming the data is real-valued (v, € RF) and centered (

2 Principal Component Analysis AR

3[v] = 0).

e PCA returns a dictionary Wpca € RF XK such that the least squares

error iIs minimized:

1 N 1
Weca = in g 3 [va = Gnll = IV ~ WWTVI

e A solution is given by:
Wpca = E1.k

where E;.x denotes the K dominant eigenvectors of C,

1
C, = E[VVT] ~ Y Zvnvn.




2 PCA dictionary with K=25

RIMEN

o E 3N
BE NN
I S 0 B R
RiEEAS
= E N E

)
4

red pixels indicate negative values

AlP



@  Nonnegative Matrix Decomposition AP
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A
P
N samples Y& v
<« » B — »
e p S
0
g V =~ | W
n
AN / \. J

» data V and factors W, H have nonnegative entries.

» nonnegativity of W ensures interpretability of the dictionary, because
patterns w;, and samples v,, belong to the same space.

» nonnegativity of H tends to produce part-based representations, because
subtractive combinations are forbidden.

Early work by Paatero and Tapper (1994), landmark Nature paper by Lee and Seung (1999)




ﬁ NMF as a constrained minimization problem AIP

Minimise a measure of fit between V and WH, subject to nonnegativity:

Amin D(V|WH) Zd (V] [WH]:),

where d(x|y) is a scalar cost function, e.g.,

» squared Euclidean distance (Paatero and Tapper, 1994; Lee and Seung, 2001)
Kullback-Leibler divergence (Lee and Seung, 1999; Finesso and Spreij, 2006)
ltakura-Saito divergence (Févotte, Bertin, and Durrieu, 2009)

a-divergence (Cichocki et al., 2008)

B-divergence (Cichocki et al., 2006; Févotte and Idier, 2011)

Bregman divergences (Dhillon and Sra, 2005)

and more in (Yang and Oja, 2011)

vV v v v vY

Regularisation terms often added to D(V|WH) for sparsity, smoothness,
dynamics, etc.




2 Common NMF algorithm design AP

RIMEN

» Block-coordinate update of H given WU—1) and W given H().
» Updates of W and H equivalent by transposition:

VexWHoV ~H'W’
» Objective function separable in the columns of H or the rows of W:

D(VIWH) =) " D(v,|Wh,)

» Essentially left with nonnegative linear regression:

: def
min C(h) = D(v|Wh)

Numerous references in the image restoration literature. e.g., (Richardson, 1972;
Lucy, 1974; Daube-Witherspoon and Muehllehner, 1986; De Pierro, 1993)




NMF dictionary with K=25

M HE =N
B S NN

experiment reproduced from (Lee and Seung, 1999)

AlP



2 What is tensor? AT
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Some data can have more meaningful representation using multi-way
arrays rather than matrices (two-way arrays).

Electroencephalography (EEG) data (Lee et al., 2007)

channel channel

A /

frequency
<
frequency
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What is tensor?

Mode-3

Mode-1

Mode-2
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What is tensor? AP

*******************************************************************************************************************************************************************************************************************

Scalar Vector Matrix §3rd—0rderTensor§ 4th-order Tensor

FE .

----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

One sample
L]
E N

A sample set

One-way 2-way 3-way 4-way S-way

‘ : Multiway Analysis (High-order tensors)
Univariate Multivariate

! N !
Y < } T Y B

A




Tube (Mode-3)
Fibers

Y13

-2)

Row (Mode
Fibers

Tensor Fibers

Y.41

Column (Mode-1)
Fibers

p.m
=
~



D

Tensor slices AP

RIM

11
=

Horizontal Slices Frontal Slices

Lateral Slices
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v

Tensor Unfolding

Mode-1 unfolding: A € RO D21
]2 ]2 ]2 )
L | ]3 - I
. I, < I, I
Mode-2 unfolding: A, € R 27 113
[1 ]1 ]1 ]1
L | ]3 - I
- I, x I, 1
Mode-3 unfolding: A, € R* '~
£, 1, 1 1

AlP




AIP
n m n nfolding

A | foldi

of Tensor U

le

Examp

A::Z

A

A::l

Wy @y Oy ]



R Matrix Products
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Matrix Outer Product:

The outer product of the tensors Y € RI1x2x*Iv gnd X € R71>/2x*m ig given by

7Z—=YoXe Rll><12><--~><IN><J1><J2><--~XJM, (175)

where

Zi1,00 s iN 1o J2sees M — Yi1si2sersin X j1si2seeriba * (1.76)

Matrix Kronecker Product:

The Kronecker product of two matrices A € R’/ and B € R7*® is a matrix denoted as A ® B € R/7*/k
and defined as (see the MATLAB function kron):

[ay Ba,B ---a;; B
ayBapyB ---a;B
ARB = _ . ) (1.80)

anBapB ---a; B

— [a1®b1 a®b, ay @b; --- a; ® bg_, aJ®bRi|. (1.81)



R Matrix Products AP
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Matrix Hadamard Product:

The Hadamard product of two equal-size matrices is the element-wise product denoted by ® (or .x for
MATLAB notation) and defined as

(a1 by an b - ayy by
ax by axp by -+ ax; by
A® B = , , . , . (1.88)
] an b apbp -+ ap by |

Matrix Khatri-Rao Product:

For two matrices A = [a;, @y, ...,a;] € R"™ and B = [by, b,, ..., b;] € R"™*’/ with the same number of
columns J, their Khatri-Rao product, denoted by ©, performs the following operation:

AOB=[a®b; a, @b, --- a; ® by] (1.89)

— [Vec(blalT) vec(ba;) - - Vec(bjaf)] e R/, (1.90)



%>

Tensor Matrix Product AP

RIM

11
=

Definition 1.5 (mode-n tensor matrix product) The mode-n product Y = G x,, A of a tensor G €
R/1>2%XIN and a matrix A € R js a tensor Y € RV > n-1xXnx s 1IN yith elements

Jn
Vit s netsinjnatls N — E 8i1,jrsndn Gin,jn- (1.97)

jnzl

(a)

4 <7) (7 x 5 x 8) (4 x5 x 8)




Tensor Matrix Product

p.m
=
~

(b)

(7 x 9x 8)

(9 x 5)

(7 x5 x 8)

(c)

(6 x 8)

(7 x5 x 6)

(7 x5 x 8)
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Tensor Vector Contracted Product AP

= = c
“ T
_1 >_<2 b >_<3

J - g

(7 x 5 x 8) (7 x1x 1) (1 x5 x 8) 5x1x1) (1x1x8) (8x1x1) (1x1x1)




3 Special Form of Tensors

P

UIXT xQ)

Rank-one tensor:

Examples of tensors with special forms

[

/E' ........ ...1.:.L>..1.

(a) (b) (c)



3 CP Approximation AP
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P T
- b, - b, _ l A
a, a, a b,
(IxJ) (IXR) (RxR) (RxJ)
C, Cr

2, / y / Cr (K'xR)

& | | % | |
= b, +--+ b, =
X l ] G Bl

a, a,
(IxJxK) (IxR) (RxRxR)  (RxJ)
R o
XEZ)\rb,,(al)ob@o---obgﬂN) X1y =AA(CeB)' +E
r=1
—Ax;BO s, BA... xy B X =BA(COA) +Ep

B, B® .. BW)], X3 =CABOA) +Eg




o Alternative Representations of CP Decomposition Al

RIK
(a)
(O xJ)
— + E Yitg = j:ilaijb;jcqj + €irg.
(J : T) eitq
(I x Tx Q)
(b)

(I X TxXQ)

|

—
R

.|.

0

0

0

_|_
—

]

~




Alternative Representations of CP DecompositionAl#

~
T
=@

()

(1)

112

é ST

(IXTO)
(IXTQ) (IxJ) X, =D, X
(g=1,2,..., 0)
(d)

(IxJ)

(JXxJ) J><T)

(UXTxQ)

Y, =AD/X, @¢=12....0




Alternative Representations of CP DecompositionAl#

~
T
=@

(OxJ)

..

-~

(UXTxQ) (UIxXJ) (IxJIxJ)
cl
W
1.1 1+ - + ]
_ b, b,
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CP Approximation

Algorithm 1: Basic ALS for the CP decomposition of a
3rd-order tensor

Input: Data tensor X € R/ X/*% and rank R
Output: Factor matrices A € RI*% B e R/*E C e RE*% and scaling
vector A € R

1: Initialize A, B, C

2: while not converged or iteration limit is not reached do

33 A<Xy(CoOB)(C'C®B'B)

4:  Normalize column vectors of A to unit length (by computing the
norm of each column vector and dividing each element of a
vector by its norm)

B — X2 (COA)CTC@®ATA)T

Normalize column vectors of B to unit length
C—X3BoA)B'B®CHCO)!

Normalize column vectors of C to unit length,
store the norms in vector A

9: end while
10: return A.B,C and A.

AlP




Tucker Approximation AP

~
T
=@

(OxP)

 /
pEEa.
(UxTxQ0) (IxJ) (JxRxP) (RxT) (IxTxQ)

X:§X1AX2BX3C+E: [[Q;A,B,C]]+E,

Matrix Form of Tucker Decomposition:
X1y ~AG;H(C®B)',
X(Q) N BG(Q) (C &) A)T,
X (3) ~ CG(g)(B X A)T.




Different Types of Tucker Decomposition AP

q : .
R P ~ G )
DD 8w i bu cop 9 ° -
1

r=1 p=

~
T
=@

Vi

=

M-

[l
(U

J
(IXTXQ) (IXJ)  (JXRXP) (RXT)

(a) Tucker3

_
z@

(IXTXQ) (IXJ)  (JXRXO) (RXT)

J R
Yitg = Zzgjrq a;j by

j=1 r=1

(b) Tucker2

(IXTXQ) (IXJ)  (JXTXQO)

[»

J
Yitg = § ’gjtqaij
=1

(¢) Tuckerl




o From Matrix SVD to Higher-order Case AJP

(a) Eigenvectoriof XX' Rank of XX Eigenvector of X' X
‘fr

R

(IxJ) (Ix1) (IxJ) (JxJ)

112
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HOSVD

Algorithm 2: Sequentially Truncated HOSVD (Van-
nieuwenhoven et al., 2012)

Input: Nth-order tensor X e RI1x{2xxIN and approximation
accuracy &

Output: HOSVD in the Tucker format X = [S; UM, ... ,Q(N)]],
such that | X — X|r < ¢

S « reshape(S, [Ry, ..., Rx])
return Core tensor S and orthogonal factor matrices
U € RInxfn,

I: S« X

2: for n=1to N do

3. [U(”), S, V] = truncated_svd(S(n), \/Lﬁ)
4: S «— VS

5: end for

0:

T

AlP




2 rSVD Al
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Algorithm 3: Randomized SVD (rSVD) for large-scale
and low-rank matrices with single sketch (Halko et al.,
2011)

Input: A matrix X e R'*/ desired or estimated rank R, and
oversampling parameter P or overestimated rank R=R + P,
exponent of the power method g (¢ =0o0r ¢ =1)

Output: An approximate rank- R SVD, X @ USV', ie. , orthogonal
matrices U € RIXE . VeR/ xR and diagonal matrix S € REXR with
singular values

Draw a random Gaussian matrix € RY XR,

Form the sample matrix Y = (XX1)? XQ ¢ RI*#
Compute a QR decomposition Y = QR

Form the matrix A = QX e RE*/ ~
Compute the SVD of the small matrix A as A = Usv?!
Form the matrix U = QU.




R HOOI AT
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Algorithm 4: Higher Order Orthogonal Iteration (HOOI)
(De Lathauwer et al., 2000b; Austin et al., 2015)

Input: Nth-order tensor X € RIxx{2xxIn (ysually in Tucker/HOSVD
format)
Output: Improved Tucker approximation using ALS approach, with
orthogonal factor matrices U™
1: Initialization via the standard HOSVD (see Algorithm 2)
2: repeat
3: forn=1to N do

4: 2 — X Xpxp ‘{U(p)T}

D: C « Z(n)Z(Tn) e REXE

6 U™ « leading R,, eigenvectors of C
7 end for

8: Q «— Z X N U(N) T
9: until the cost function (|| X||% — |G|%) ceases to decrease
10: return [G;UW UG . UW]




3 Nonnegative Tensor Factorization AP
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c, c,
/ b, / b,
L | m! |
Y = +eeet +1 B
H a W a
(UIxTxQ) (UxTxQ)

Definition (NTF). Given an N-th order tensor Y € R 2X-xIN gnd q positive integer
J, factorize Y into a set of N nonnegative component matrices

Al = [a§”>, a(zn), . ,af,n)] e R"*J (n=1,2,..., N) representing the common (loading)
factors, that 1s,

J
e

J

Ix, AW ><2A()---><NA(N —I—E:[[A(l),A(Q),...,A(N)]]—I—E

wz’thHagn)nglfOTn:1,2,...N—1 and j =1,2,...,J.




@ Matrix Nonnegative Least-Squares (MNLS)ATP
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Algorithm 2: Nesterov-type algorithm for MNLS

Input: X € R™* B € R*" A, € R™" tol > 0.
1 Compute W = —XB, Z = B'B.
2 Compute L = max(eig(Z)) p = min(eig(Z)).

3 SetYozAO,ﬁ:%,k:O.

4 while (1) do

5 VYr) =W+ ALZ;

6 if (max(|Vf(Yx) ®Yy|) < tol) then
7 break;

8 else

0 A = [Yi = LVA(Y))]
10 Yk_|_1 — Ak—|—1 + 5 (Ak—i—l — Ak)a
11 k=Fk-+1;

12 return A,.




3 The Algorithm

RIMEN

AlP

: : : 1
The objective function: fx(A.B,C) = [Xa—-A(CoB)|;
:% Xg - B(CoA)|.
= [Xc-cBoA)|;.

Algorithm 4: Nesterov-based AO NTF

Input: X, Ag >0, B, >0, Cy >0, A, tol.

Set k=0

while (terminating condition is FALSE) do

A1 = Nesterov_MNLS(W,,Za, A, A, tol)

Wg = —Xg(Cr @ Agi1) — ABy, Zp = (Cr, @ Ap1)' (Cr © Agy1) + AI
Bi1 = Nesterov . MNLS(Wg, Zg, B, A, tol)

We = —Xc(Agi1 @ Bry1) — ACk, Ze = (Agi1 @ Bry1)' (Agy1 @ Bryr) + AL
Cri1 = Nesterov . MNLS(Wc, Zc, Cy, A, tol)

(Ak—i—h Bk_|_1, Ck_|_1) — Normalize(AkH, Bk_|_1, Ck_|_1)

(Ak+1, Bk+1, Ck+1) = Accelerate(AkH, Ak, Bk+1, Bk, Ck+1, Ck, k)
k=k+1

12 return A, B;, C,.
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