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Success of Deep Learning
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Tensor Networks
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‣ Learning from incomplete or limited data 

‣Parameter efficient machine learning models

Outline



Learning from Imperfect Data
‣ Recommender system, social network 
‣ knowledge graph prediction, drug repositioning
‣ Image or video inpainting/denoising

‣ Task: learning from an incomplete tensor to predict values for 
unobserved positions 

Relational data
is a collection of relationships among multiple objects.

relationships of pair ⇔ matrix
relationships of 3-tuple ⇔ 3 dim. array

...
...




 tensor

can represent as a tensor with missing values.
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Fig. 1. Experimental results on simulated data. The first row presents the color images composed of hyperspectral band 16, 17
and 20 before and after reconstruction. The second row shows the sixth time node image of time series images.

Fig. 2. Comparison of cloud removal results for the eighth time node image of real data. The red, green and blue bands are
used for the color composite.

in the most area. TRALS can more or less recover the cloudy
image. However, it also remained large areas to not be re-
covered. To sum all, the proposed TVTRC achieved the best
results from the visual perspective.

4. CONCLUSION

In this paper, we introduced the TR decomposition into
the remote sensing image reconstruction and proposed a
total-variation-regularized tensor ring completion method
(TVTRC). The TR decomposition is used to explore the spa-
tial, spectral and temporal information simultaneously, and
the total variation is adopted to further explore the spatial
smoothness in RS images. The proposed TVTRC had been
proved to achieve the best performance compared to other
tensor completion based methods. Despite the good perfor-
mance achieved by TVTRC, it still faces some drawbacks for
future research. Firstly, the rank of the TR decomposition
has much influence for the performance and computational
efficiency. How to automatically estimate the rank is a key
problem. Secondly, the calculation of TR decomposition is
extremely expensive. How to improve the efficiency of TR
decomposition is another key problem.
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Y⌦ ! Y⌦̄
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Objective:     

Challenges: data efficiency & efficient optimization

Tensor Completion

Fitting error Structure Regularizer

min k⌦ ⇤ (Y � X )k+R(X )
<latexit sha1_base64="WfGLbpjjZyxu9dB0s62LXCItwZQ="></latexit> X
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Approaches: 

‣ Low-rankness assumption (convex, not scalable)

 

‣ Decomposition based approach (optimal rank selection) 

‣ Prior knowledge (smoothness, non-negative), side information

R(X ) = kXk⇤
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R(X ) = kX � TN(G1, . . . ,GN )k
<latexit sha1_base64="C5KsvuqItfmWQ9tfIrtb01nBGF0="></latexit>



Low-rankness Under Multiple Transformation
‣ Image is not always globally low-rank

6

Low-rank Tensor 
Approximation

(He et al., CVPR 2019)
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We can see that (2) degenerates (1) when K = 1 and Q1

is the identical function. But the difference with NNM is
that MCMT looks for the low-rank solution under linear
transformations rather than the matrix itself. It implies that
(2) can be used to complete the matrix that has a high-rank
structure.
Comparison with matrix sensing. Matrix sensing is to re-
cover the original matrix from the Gaussian measurements.
The model is formalized as

min
X2Rm1⇥m2

kXk⇤ , s.t. kQ(X)�Q(Y)kF < �, (3)

where the entries of Q follows the i.i.d. Gaussian distribu-
tion. Compared with (2), (3) only consider the linear trans-
formation Q in the constraint term. Furthermore, matrix
sensing also exploit the low-rank structure of the original
matrix like NNM, while MCMT takes into account the ad-
ditional low-rank structures under linear transformations.

comparison with CTD. As mentioned in the related
works, CTD is to seek for the approximation of a tensor
with multi-linear low-rank structures. For a K-th order ten-
sor and its perturbed variant Y , CTD is given by [?]

minX2Rm1⇥m2

X

i2[K]

���[X ](i)

���
⇤
,

s.t. kP⌦(X )� P⌦(Y)kF < �,

(4)

where [X ](i) denotes unfolding the tensor X along i-th
order [?]. Due to the fact that the unfolding operations
are linear functions, (4) is a special case of MCMT when
Qi(·) = [ · ](i). It is worthwhile to mention that tensor
unfolding only rearrange the tensor into different shapes,
but MCMT can use more general linear functions like re-
sampling, rotation and stretching in the linear space to dig
more structures of the matrix.

2.4. Examples of Qi in MCMT

In MCMT, the linear transformations Qi, 8i can be used
to formulate specific operations in various CV applications.
Here we show some examples.

Example 1 (non-local image restoration). To exploit the
non-local similarity of the images, the methods usually split
the whole matrix into many “non-local groups”, and each
group is a concatenation of similar patches of the image.
We can see that such grouping operation is mathematically
a down-sampling (definitely linear) function from the image
to the non-local group. Therefore, each Qi(X), i 2 [K] in
(2) corresponds to K non-local groups, and solving (2) is
to find the optimal low-rank approximation for each non-
local group and then merge the approximations back to the
global image.

Example 2 (occlusion removal). In the occlusion removal
problem, the original image is generally covered by some

other objects, and the aim of this application is to recover
the hidden part of the image. To solve this problem, the pre-
vious study [?] assume that both the original image and the
covered part have the low-rank structures. By using MCMT,
we can specify K = 2, set Q1 to be the identical function
to catch the low-rank structure of the image, and set Q2 to
obtain the covered sub-image with the low-rank structures.

Besides these examples, we can also specify Qi as the
2-D wavelet filters to catch the short-term fluctuation of
the image under multiple resolutions or even random shuf-
fling [?].

3. Identifiablity

One of the advantage of LRMC is that the completion
performance is theoretically guaranteed. In this section,
we theoretically analyze the reconstruction error of MCMT,
and reveal what conditions Qi, 8i should satisfy for exact
recovery.

In the rest of this section, we first establish an upper
bound of MCMT under a single linear transformation, i.e.
K = 1. After that, we extend the results to the case of
multiple transformations.

3.1. Single linear transformation

Assume that M0 2 Rm1⇥m2 denotes the “true” ma-
trix that we want to recover, and its rank equals R. The
noised variant of M0 is generated by Y = M0 +H where
the entries of H obey the i.i.d. Gaussian distribution, i.e.
H(i, j) ⇠ N(0,�2) for all i 2 [m1], j 2 [m2]. With the
single linear transformation, we simplify (2) as

min
X2Rm1⇥m2

kQ(X)k⇤ s.t. kP⌦(X)� P⌦(Y)kF  �,

(5)

where the subscript of Q 2 Rm1⇥m2⇥n1⇥n2 is removed
for brevity. Let Q(M0) = UDV

> be the truncated
singular value decomposition (SVD), in which only the
singular vectors with respect to non-zero singular val-
ues are kept. Furthermore, we define a linear space
T =

n
UX

> +YV
>
|X 2 Rn1⇥R, Y 2 Rn2⇥R

o
, which

reflects the properties of the neighborhood around M0. Let
T? denote the orthogonal complement to T. Based on the
dual theory, we define the dual certificate for unique solu-
tion of (5) as follow:

Definition 2 (Dual certificate). A matrix ⇤ 2 Rm1⇥m2 is
defined as a dual certificate of (5), if P⌦(⇤) = ⇤ and ⇤

can be decomposed as

⇤ = Q
?
⇣
UV

> +R⇤

⌘
, (6)

where R⇤ = PT? (⇤), PT? denotes the projection to T?

and kR⇤k2  1.

3

Linear transformation 

 (Li et al, CVPR 2019)

Error bound is 
theoretically guaranteed  

‣ Non-uniform missing patterns (slice, fiber missing)



Tensor Networks with Low-rank Cores

“Tensor ring decomposition with rank minimization on latent space: An efficient approach for tensor 
completion ”

‣ Tensorization preprocess allows for capturing complex structural dependency 

‣ Efficient optimization by combining decomposition and nuclear norm regularization

Reconstruction

Sample rate: 5%

Observed image Tensor Network 
(TT/TR)

TT/TR decompositionNuclear norm on core tensorFitting error

Tensorization

7

(L. Yuan et al., AAAI 2019)



‣ Explore correlations of patches in multi-scales 

Image Tensorization
8  8⇥
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J3
<latexit sha1_base64="2tzrSl8xRcW8hibCnoJZ02v78LM=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6SgJZBG7GKaD4gOcLeZi9Zsrt37O4J4chPsNXaTmz9NZb+EzfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HtzG8/U6VZJJ/MJKa+wEPJQkawsdLjfb/aL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzUKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSE137KZJwYKsliUZhwZCI0+xsNmKLE8IklmChmb0VkhBUmxqaztCUQU5uJt5rAOmlVyl61XHmoleo3WTp5OINzuAQPrqAOd9CAJhAYwgu8wpuTOu/Oh/O5aM052cwpLMH5+gV07ZQO</latexit>

I1
<latexit sha1_base64="O/m4HxTLUmr6XSW2cPgdyWfZvck=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQRruI5gOSI+xt9pIlu3vH7p4QjvwEW63txNZfY+k/cS+5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML7N/PYzVZpF8slMYuoLPJQsZAQbKz3e971+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ6dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2NxowRYnhE0swUczeisgIK0yMTWdhSyCmNhNvOYFV0qpVvYtq7eGyUr/J0ynCCZzCOXhwBXW4gwY0gcAQXuAV3pzUeXc+nM95a8HJZ45hAc7XL3AylAs=</latexit>

I2
<latexit sha1_base64="Eo0ma+UOe+TgbgwvBOtGvsWH0oA=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQRruI5gOSI+xt9pIlu3vH7p4QjvwEW63txNZfY+k/cS+5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML7N/PYzVZpF8slMYuoLPJQsZAQbKz3e92v9csWtujOgVeLlpAI5Gv3yT28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfzk6dojOrDFAYKVvSoJn6dyLFQuuJCGynwGakl71M/M/rJia89lMm48RQSeaLwoQjE6HsbzRgihLDJ5Zgopi9FZERVpgYm87ClkBMbSbecgKrpFWrehfV2sNlpX6Tp1OEEziFc/DgCupwBw1oAoEhvMArvDmp8+58OJ/z1oKTzxzDApyvX3HFlAw=</latexit>

J1
<latexit sha1_base64="yYFV2QQ2vRAb49H3GE0h+QzBeC8=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQRqwimg9IjrC32UuW7O4du3tCOPITbLW2E1t/jaX/xL3kCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg289vPVGkWyScziakv8FCykBFsrPR43/f65YpbdWdAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/nZ06RWdWGaAwUrakQTP170SKhdYTEdhOgc1IL3uZ+J/XTUx47adMxomhkswXhQlHJkLZ32jAFCWGTyzBRDF7KyIjrDAxNp2FLYGY2ky85QRWSatW9S6qtYfLSv0mT6cIJ3AK5+DBFdThDhrQBAJDeIFXeHNS5935cD7nrQUnnzmGBThfv3HHlAw=</latexit>

J2
<latexit sha1_base64="BvId9cqKWIPm2UoyLnc1KmebNjs=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQRqwimg9IjrC32UuW7O4du3tCOPITbLW2E1t/jaX/xL3kCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg289vPVGkWyScziakv8FCykBFsrPR436/1yxW36s6AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+Ojt1is6sMkBhpGxJg2bq34kUC60nIrCdApuRXvYy8T+vm5jw2k+ZjBNDJZkvChOOTISyv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxtZl4ywmsklat6l1Uaw+XlfpNnk4RTuAUzsGDK6jDHTSgCQSG8AKv8Oakzrvz4XzOWwtOPnMMC3C+fgFzWpQN</latexit>

I3
<latexit sha1_base64="EispGkln+AbmPR6i0tpPH2K1E40=">AAAB+XicbVA9TwJBEJ3DL8Qv1NJmIzGxIndAoiXRRjuM8pHAhewte7Bhd++yu2dCLvwEW63tjK2/xtJ/4gJXCPiSSV7em8nMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e1nqjSL5JOZxNQXeChZyAg2Vnq871f7xZJbdudA68TLSAkyNPrFn94gIomg0hCOte56bmz8FCvDCKfTQi/RNMZkjIe0a6nEgmo/nZ86RRdWGaAwUrakQXP170SKhdYTEdhOgc1Ir3oz8T+vm5jw2k+ZjBNDJVksChOOTIRmf6MBU5QYPrEEE8XsrYiMsMLE2HSWtgRiajPxVhNYJ61K2auWKw+1Uv0mSycPZ3AOl+DBFdThDhrQBAJDeIFXeHNS5935cD4XrTknmzmFJThfv3NYlA0=</latexit>

J3
<latexit sha1_base64="2tzrSl8xRcW8hibCnoJZ02v78LM=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6SgJZBG7GKaD4gOcLeZi9Zsrt37O4J4chPsNXaTmz9NZb+EzfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HtzG8/U6VZJJ/MJKa+wEPJQkawsdLjfb/aL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzUKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSE137KZJwYKsliUZhwZCI0+xsNmKLE8IklmChmb0VkhBUmxqaztCUQU5uJt5rAOmlVyl61XHmoleo3WTp5OINzuAQPrqAOd9CAJhAYwgu8wpuTOu/Oh/O5aM052cwpLMH5+gV07ZQO</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I = I1 ⇤ I2 ⇤ I3
<latexit sha1_base64="DwrfbQ0mwpkr3LELy4Uysfrfmmg=">AAACCnicbVDLSgMxFM3UV62vsS7dBIsgLspMK+hGKLqxuwr2Ae0wZNJMG5pkhiQjltI/8Bvc6tqduPUnXPonptNZ2NYD93I4517u5QQxo0o7zreVW1vf2NzKbxd2dvf2D+zDYktFicSkiSMWyU6AFGFUkKammpFOLAniASPtYHQ789uPRCoaiQc9jonH0UDQkGKkjeTbxfo1rPsuPDe9kvaqb5ecspMCrhI3IyWQoeHbP71+hBNOhMYMKdV1nVh7EyQ1xYxMC71EkRjhERqQrqECcaK8Sfr7FJ4apQ/DSJoSGqbq340J4kqNeWAmOdJDtezNxP+8bqLDK29CRZxoIvD8UJgwqCM4CwL2qSRYs7EhCEtqfoV4iCTC2sS1cCXgU5OJu5zAKmlVym61XLm/KNVusnTy4BicgDPggktQA3egAZoAgyfwAl7Bm/VsvVsf1ud8NGdlO0dgAdbXLzpUmAE=</latexit>

J = J1 ⇤ J2 ⇤ J3
<latexit sha1_base64="sOI+BYiD/UK0RVLMmLxqprNmsvk=">AAACCnicbVDLSgMxFM3UV62vsS7dBIsgLspMK+hGKLqRrirYB7TDkEkzbWiSGZKMWEr/wG9wq2t34tafcOmfmE5nYVsP3MvhnHu5lxPEjCrtON9Wbm19Y3Mrv13Y2d3bP7APiy0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9HtzG8/EqloJB70OCYeRwNBQ4qRNpJvF+vXsO678Nz0Stqrvl1yyk4KuErcjJRAhoZv//T6EU44ERozpFTXdWLtTZDUFDMyLfQSRWKER2hAuoYKxInyJunvU3hqlD4MI2lKaJiqfzcmiCs15oGZ5EgP1bI3E//zuokOr7wJFXGiicDzQ2HCoI7gLAjYp5JgzcaGICyp+RXiIZIIaxPXwpWAT00m7nICq6RVKbvVcuX+olS7ydLJg2NwAs6ACy5BDdyBBmgCDJ7AC3gFb9az9W59WJ/z0ZyV7RyBBVhfv0DJmAU=</latexit> coarse grained

(global)

fine grained
(local) 
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‣ Representation of N-order tensor as contractions of O(N) 
smaller tensors 

‣ Physics: to describe entangled quantum many-body systems 

What Is Tensor Network?

Matrix 
Factorization

Tensor 
Factorization

Tensor 
Networks

2-order 3-order N-order
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https://tensornetwork.org



Tensor Network Operations

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

a⌦ b
<latexit sha1_base64="4tiu7aGizBnvfz6YaX5e2UsfHTU=">AAACE3icbVDLSgMxFM3UV62vUZfdBIvgqsxUQZdFNy4r2Ae0Q0nSTBuaZIYkI5ShCz/Cb3Cra3fi1g9w6Z+YaUewrQcCh3Pu5dwcHHOmjed9OYW19Y3NreJ2aWd3b//APTxq6ShRhDZJxCPVwUhTziRtGmY47cSKIoE5bePxTea3H6jSLJL3ZhLTQKChZCEjyFip75Z7ApkRDiGCvcgwQTX8VXDfrXhVbwa4SvycVECORt/97g0ikggqDeFI667vxSZIkTKMcDot9RJNY0TGaEi7lkpk44J09okpPLXKAIaRsk8aOFP/bqRIaD0R2E5mB+plLxP/87qJCa+ClMk4MVSSeVCYcGgimDUCB0xRYvjEEkQUs7dCMkIKEWN7W0jBYmo78ZcbWCWtWtU/r9buLir167ydIiiDE3AGfHAJ6uAWNEATEPAInsELeHWenDfn3fmYjxacfOcYLMD5/AH7/Z4f</latexit>

a
<latexit sha1_base64="JtahwqYLiJdwEJa47CBn25f/Th8=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY0yQxJRihDN36DW127E7f+iUv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKEUb9ccavuDGiVeDmpQI5Gv/zTG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezxFN0ZpUBCiNlnzRopv7dSLHQeiICO5kl1MteJv7ndRMTXvspk3FiqCTzQ2HCkYlQ9n00YIoSwyeWYKKYzYrICCtMjC1p4UogprYTb7mBVdKqVb2Lau3+slK/ydspwgmcwjl4cAV1uIMGNIGAhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y+V/5bn</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

(I ⇥ J)
<latexit sha1_base64="iPTNFxUONcbVk7ikbpNWDPrDMUc=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjbqqYB8wHUomTdvQZDIkd4QydOU3uNW1O3Hrl7j0T0zbWdjWA4HDOfdybk4YC27Adb+dldW19Y3N3FZ+e2d3b79wcNgwKtGU1akSSrdCYpjgEasDB8FasWZEhoI1w+HNxG8+MW24ih5hFLNAkn7Ee5wSsJJfumsDl8zg+7NOoeiW3SnwMvEyUkQZap3CT7uraCJZBFQQY3zPjSFIiQZOBRvn24lhMaFD0me+pRGxOUE6PXmMT63SxT2l7YsAT9W/GymRxoxkaCclgYFZ9Cbif56fQO8qSHkUJ8AiOgvqJQKDwpP/4y7XjIIYWUKo5vZWTAdEEwq2pbmUUI5tJ95iA8ukUSl75+XKw0Wxep21k0PH6ASVkIcuURXdohqqI4oUekGv6M15dt6dD+dzNrriZDtHaA7O1y/ZwpcE</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

(1⇥ 1⇥ 1)
<latexit sha1_base64="xPJ872JvyatRpZQAUPNv3i1Wxnc=">AAACC3icbVDLSsNAFJ3UV62vaJduBotQNyWpgi6LblxWsA9oQ5lMJ+3QmSTM3Agh9BP8Bre6didu/QiX/onTNoi2HhjmcM69nMvxY8E1OM6nVVhb39jcKm6Xdnb39g/sw6O2jhJFWYtGIlJdn2gmeMhawEGwbqwYkb5gHX9yM/M7D0xpHoX3kMbMk2QU8oBTAkYa2OWq2wcumcY//9nArjg1Zw68StycVFCO5sD+6g8jmkgWAhVE657rxOBlRAGngk1L/USzmNAJGbGeoSExOV42P36KT40yxEGkzAsBz9XfGxmRWqfSN5OSwFgvezPxP6+XQHDlZTyME2AhXQQFicAQ4VkTeMgVoyBSQwhV3NyK6ZgoQsH09SfFl1PTibvcwCpp12vuea1+d1FpXOftFNExOkFV5KJL1EC3qIlaiKIUPaFn9GI9Wq/Wm/W+GC1Y+U4Z/YH18Q3BmJoj</latexit>

X ⇥1 a⇥2 b⇥3 c
<latexit sha1_base64="Mdj9E+YBNnyEN8zwAEnvpiuL0nQ=">AAACN3icbZDLSsNAFIYn9VbrLerSzWARXJWkFXRn0Y3LCvYCbQiT6aQdOpOEmYlQQh7Hh/AZ3OrClbgRt76BkzQF23pg4Oc75/Cf+b2IUaks690ora1vbG6Vtys7u3v7B+bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63uQ263cfiZA0DB7UNCIOR6OA+hQjpZFrXg84UmOMWNJLB4pyIl07R54PUQHqcE68gjTmALtm1apZecFVYReiCopquebnYBjimJNAYYak7NtWpJwECUUxI2llEEsSITxBI9LXMkDaz0nyj6bwTJMh9EOhX6BgTv9uJIhLOeWenswOlMu9DP7X68fKv3ISGkSxIgGeGfkxgyqEWWpwSAXBik21QFhQfSvEYyQQVjrbBRePpzoTezmBVdGp1+xGrX5/UW3eFOmUwQk4BefABpegCe5AC7QBBk/gBbyCN+PZ+DC+jO/ZaMkodo7BQhk/v61NrX4=</latexit>

X
<latexit sha1_base64="gJU+xKS8gcd+TGzfn1VAZmamC10=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4DpUDJppg1NMkOSEcrQld/gVtfuxK1f4tI/MdPOwrYeCBzOuZd7csKEM21c99tZW9/Y3Nou7ZR39/YPDitHx20dp4rQFol5rLoh1pQzSVuGGU67iaJYhJx2wvFd7neeqNIslo9mktBA4KFkESPYWMnvCWxGBPOsO+1Xqm7NnQGtEq8gVSjQ7Fd+eoOYpIJKQzjW2vfcxAQZVoYRTqflXqppgskYD6lvqcSC6iCbRZ6ic6sMUBQr+6RBM/XvRoaF1hMR2sk8ol72cvE/z09NdBNkTCapoZLMD0UpRyZG+f/RgClKDJ9YgoliNisiI6wwMbalhSuhyDvxlhtYJe16zbus1R+uqo3bop0SnMIZXIAH19CAe2hCCwjE8AKv8OY8O+/Oh/M5H11zip0TWIDz9Qt3B5gI</latexit>

a
<latexit sha1_base64="lARkly2hBl77atLgnGdkxY/CRV8=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKE++WKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE7TZa9</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

c
<latexit sha1_base64="KRj5Yh3W8hsYBioRpujyXxO60FU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkJE+uWKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE+c5a/</latexit> X

i,j,k

Xi,j,kaibjck
<latexit sha1_base64="uytlVOUI0W2OsSM2MTQufqGfP8w="></latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

AB
<latexit sha1_base64="PPCkjOkrnSVQ1Z4QUirmGsykYQg=">AAACC3icbVDLSsNAFL3xWesr2qWbwSK4KkkVdFnrxmUF+4A2lMl00g6dScLMRAiln+A3uNW1O3HrR7j0T5y0EWzrgQuHc+7lHo4fc6a043xZa+sbm1vbhZ3i7t7+waF9dNxSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj++zfz2I5WKReGDTmPqCTwMWcAI1kbq26WewHrkB+gG/bJ63y47FWcGtErcnJQhR6Nvf/cGEUkEDTXhWKmu68Tam2CpGeF0WuwlisaYjPGQdg0NsaDKm8zCT9GZUQYoiKSZUKOZ+vdigoVSqfDNZhZQLXuZ+J/XTXRw7U1YGCeahmT+KEg40hHKmkADJinRPDUEE8lMVkRGWGKiTV8LX3wxNZ24yw2skla14l5UqveX5Vo9b6cAJ3AK5+DCFdTgDhrQBAIpPMMLvFpP1pv1bn3MV9es/KYEC7A+fwBbzZqC</latexit>

B
<latexit sha1_base64="futOwDfv0EATwUk9NtBVM1D4uvk=">AAAB/3icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLUjcsK9iHtUDJppg1NMkOSEcrQhd/gVtfuxK2f4tI/MdPOwrYeCBzOuZd7coKYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Ft5refqNIskg9mElNf4KFkISPYWOmxJ7AZBSGq90tlt+LOgFaJl5My5Gj0Sz+9QUQSQaUhHGvd9dzY+ClWhhFOp8VeommMyRgPaddSiQXVfjoLPEXnVhmgMFL2SYNm6t+NFAutJyKwk1lAvexl4n9eNzHhjZ8yGSeGSjI/FCYcmQhlv0cDpigxfGIJJorZrIiMsMLE2I4WrgRiajvxlhtYJa1qxbusVO+vyrV63k4BTuEMLsCDa6jBHTSgCQQEvMArvDnPzrvz4XzOR9ecfOcEFuB8/QIKgJae</latexit>

A
<latexit sha1_base64="94tL1q9O9cS77J172E010NqOwHQ=">AAAB/3icbVC7TsMwFL3hWcqrwMhiUSExVUlBgrHAwlgk+kBtVDmu01q1nch2kKqoA9/ACjMbYuVTGPkTnDYDbTmSpaNz7tU9PkHMmTau++2srK6tb2wWtorbO7t7+6WDw6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweg281tPVGkWyQczjqkv8ECykBFsrPTYFdgMgxBd90plt+JOgZaJl5My5Kj3Sj/dfkQSQaUhHGvd8dzY+ClWhhFOJ8VuommMyQgPaMdSiQXVfjoNPEGnVumjMFL2SYOm6t+NFAutxyKwk1lAvehl4n9eJzHhlZ8yGSeGSjI7FCYcmQhlv0d9pigxfGwJJorZrIgMscLE2I7mrgRiYjvxFhtYJs1qxTuvVO8vyrWbvJ0CHMMJnIEHl1CDO6hDAwgIeIFXeHOenXfnw/mcja44+c4RzMH5+gUI7Zad</latexit>

(I ⇥K)
<latexit sha1_base64="M//2C6WLxtNTfHKeYcKIzygckwU=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjeKmgn3AdCiZNG1Dk8mQ3BHK0JXf4FbX7sStX+LSPzFtZ2FbDwQO59zLuTlhLLgB1/12VlbX1jc2c1v57Z3dvf3CwWHDqERTVqdKKN0KiWGCR6wOHARrxZoRGQrWDIc3E7/5xLThKnqEUcwCSfoR73FKwEp+6a4NXDKD7886haJbdqfAy8TLSBFlqHUKP+2uoolkEVBBjPE9N4YgJRo4FWycbyeGxYQOSZ/5lkbE5gTp9OQxPrVKF/eUti8CPFX/bqREGjOSoZ2UBAZm0ZuI/3l+Ar2rIOVRnACL6CyolwgMCk/+j7tcMwpiZAmhmttbMR0QTSjYluZSQjm2nXiLDSyTRqXsnZcrDxfF6nXWTg4doxNUQh66RFV0i2qojihS6AW9ojfn2Xl3PpzP2eiKk+0coTk4X7/bVpcF</latexit>

JX

j=1

AijBjk

<latexit sha1_base64="CF1hrCXdtyX5ytftohvIwbLB4L8=">AAACEnicbVDLSsNAFJ3UV62vqDvdDBbBVUmqoBuh1o24qmAf0MYwmU7aaWeSMDMRSgj4EX6DW127E7f+gEv/xEnbhW09cOFwzr3ce48XMSqVZX0buaXlldW1/HphY3Nre8fc3WvIMBaY1HHIQtHykCSMBqSuqGKkFQmCuMdI0xteZ37zkQhJw+BejSLicNQLqE8xUlpyzYOOjLmbDC7t9OEWwis3oYO0qoVh6ppFq2SNAReJPSVFMEXNNX863RDHnAQKMyRl27Yi5SRIKIoZSQudWJII4SHqkbamAeJEOsn4hxQea6UL/VDoChQcq38nEsSlHHFPd3Kk+nLey8T/vHas/AsnoUEUKxLgySI/ZlCFMAsEdqkgWLGRJggLqm+FuI8EwkrHNrPF41km9nwCi6RRLtmnpfLdWbFSnaaTB4fgCJwAG5yDCrgBNVAHGDyBF/AK3oxn4934MD4nrTljOrMPZmB8/QKIhp3q</latexit>
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Tensor Ring Decomposition
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12

‣ Tensor Network Ranks

Fully Connected TN (FCTN)

Transpositional Invariance

‣ Number of Parameters
CPD: O(NIR)

Tucker: O(NIR+RN )

TT/TR: O(NIR2)

FCTN: O(NIRN�1)
<latexit sha1_base64="3g9/HlwnBAD10joZ3Q+isaEjTXY="></latexit>

(Zheng et al., AAAI 2021)



‣ Can we learn an optimal TN structure from data? 

‣ Difficulty:  given an 9-order tensor, there are more than 68 
BILLION candidates

Learning Tensor Network Structure

Standard models may not be the most compressive one

13



‣ The TN structures can be fully described by its adjacency matrice 

‣ Find an optimal A such that

‣ Learn (near-)optimal TN topology via evolutionary algorithm (EA).

Optimization of TN topology

Collection of core tensors Adjacency matrix

14

(Li et al., ICML 2020)



15

Problem: learning classification model from incomplete data 

Sequential approach (completion + classification), but cannot ensure 
statistical consistence of classifier

‣ Exact recovery is not guaranteed

‣ Label information is ignored for reconstruction

(xmiss
n , yn), n = 1,…, N

Classification of incomplete data

Reconstruction of incomplete data

Objective:   ̂f(g(xmiss), ̂θ) ≈ f(x, θ)



16

‣ Learning sparse representation and classifier collaboratively 
(NNs + sparse coding)

Simultaneous reconstruction and classification 
(Caiafa et al., CVPR workshop 2021)



17

‣ If the reconstructed data points are well separated by a 
hyperplane, then the same classifier also correctly separates 
the original (unobserved) data points. 

Sufficient condition 
(Caiafa et al., CVPR workshop 2021)

Original data 
(missing part)

Reconstructed data
(Missing part)

Weights of classifier



18

Results
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Latent factor analysis of limited data
Problem: Learning correlations and hidden patterns of higher-
order data require large sample sizes, which may be unavailable.



20

‣ Given higher-order data , marginalize  gives η

Higher-order latent factor analysis
(Tao et al., ACML 2021)

‣ TN representation of parameter W

Core tensors



Tensor Networks for Efficient 
Modeling

21



Goal: Make a lightweight model that is fast, memory-efficient and 
energy-efficient

Model Compression

Weight parameter

‣ Reduce number of parameters but keeping comparable performance

‣ Compatible with SGD based optimization algorithm

‣ Computation efficiency

During 
training

Or
After 

training
Compression

22



Reparametrization via TN

WeightsHidden layer

Hidden layer

h2 = �(W Th1 + b)
<latexit sha1_base64="vbyYqORwDxiIPWWbVv1/yM0qAVg=">AAACIXicbZDLSsNAFIYnXmu9RV26GSxCi1CSKuhGKLpxWaE3aGKYTKft0JkkzEyEEvoMPoTP4FbX7sSduPJNnKRZ2NYDAx//fw7nzO9HjEplWV/Gyura+sZmYau4vbO7t28eHLZlGAtMWjhkoej6SBJGA9JSVDHSjQRB3Gek449vU7/zSISkYdBUk4i4HA0DOqAYKS15ZsXxORx5NXgNHUmHHJVTofPQhDPDhmcZ+RXPLFlVKyu4DHYOJZBXwzN/nH6IY04ChRmSsmdbkXITJBTFjEyLTixJhPAYDUlPY4A4kW6SfWkKT7XSh4NQ6BcomKl/JxLEpZxwX3dypEZy0UvF/7xerAZXbkKDKFYkwLNFg5hBFcI0H9ingmDFJhoQFlTfCvEICYSVTnFui8+nOhN7MYFlaNeq9nm1dn9Rqt/k6RTAMTgBZWCDS1AHd6ABWgCDJ/ACXsGb8Wy8Gx/G56x1xchnjsBcGd+/d8uhLQ==</latexit>

(N ⇥M)
<latexit sha1_base64="HeGff66rglnceMyNtgORFBnRcG0=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjRulgn3AdCiZNG1Dk8mQ3BHK0JXf4FbX7sStX+LSPzFtZ2FbDwQO59zLuTlhLLgB1/12VlbX1jc2c1v57Z3dvf3CwWHDqERTVqdKKN0KiWGCR6wOHARrxZoRGQrWDIc3E7/5xLThKnqEUcwCSfoR73FKwEp+6b4NXDKD7846haJbdqfAy8TLSBFlqHUKP+2uoolkEVBBjPE9N4YgJRo4FWycbyeGxYQOSZ/5lkbE5gTp9OQxPrVKF/eUti8CPFX/bqREGjOSoZ2UBAZm0ZuI/3l+Ar2rIOVRnACL6CyolwgMCk/+j7tcMwpiZAmhmttbMR0QTSjYluZSQjm2nXiLDSyTRqXsnZcrDxfF6nXWTg4doxNUQh66RFV0i2qojihS6AW9ojfn2Xl3PpzP2eiKk+0coTk4X7/mipcM</latexit>

W
<latexit sha1_base64="jsCvViEpXziPr7GYTUbXuMCt0Dk=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoQ9lsN+3S3U3Y3Qgl5Dd41bM38eqP8eg/cdvmYFsfDDzem2FmXphwpo3rfjuljc2t7Z3ybmVv/+DwqHp80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ/czv/NMlWaxfDLThAYCjySLGMHGSn4/FKgzqNbcujsHWideQWpQoDWo/vSHMUkFlYZwrHXPcxMTZFgZRjjNK/1U0wSTCR7RnqUSC6qDbH5sji6sMkRRrGxJg+bq34kMC62nIrSdApuxXvVm4n9eLzXRbZAxmaSGSrJYFKUcmRjNPkdDpigxfGoJJorZWxEZY4WJsfksbQlFbjPxVhNYJ+1G3buqNx6va827Ip0ynME5XIIHN9CEB2iBDwQYvMArvDm58+58OJ+L1pJTzJzCEpyvX/k7lOg=</latexit>

M
<latexit sha1_base64="Kmi6kI52Sy6qSfrNJAybJLeAQJw=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQxkZIwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CSOaTaw==</latexit>

N
<latexit sha1_base64="39NGy8O4iwzC1Rc29vY7F6jZCrU=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQxkoSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79KeZNs</latexit>

N
<latexit sha1_base64="39NGy8O4iwzC1Rc29vY7F6jZCrU=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQxkoSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79KeZNs</latexit>

h1
<latexit sha1_base64="biZCzotYpwHbJI17GwildibdgII=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK9gPapSRptg1NskuSFcpS/A1e9exNvPpbPPpPTNs92NYHA4/3ZpiZRxLBjfX9b29tfWNza7uwU9zd2z84LB0dN02casoaNBaxbhNsmOCKNSy3grUTzbAkgrXI6G7qt56YNjxWj3acsFDigeIRp9g6qdUlEg17Qa9U9iv+DGiVBDkpQ456r/TT7cc0lUxZKrAxncBPbJhhbTkVbFLspoYlmI7wgHUcVVgyE2azcyfo3Cl9FMXalbJopv6dyLA0ZiyJ65TYDs2yNxX/8zqpjW7CjKsktUzR+aIoFcjGaPo76nPNqBVjRzDV3N2K6BBrTK1LaGELkROXSbCcwCppVivBZaX6cFWu3ebpFOAUzuACAriGGtxDHRpAYQQv8Apv3rP37n14n/PWNS+fOYEFeF+/RImVnQ==</latexit>

Tensorization

M = md
<latexit sha1_base64="tF5plF15dsMELhjvTzdCGgMZ7Ww=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioI0QtLERIpgPSM6wt7eXLNndO3b3hBCCv8FWazux9bdY+k/cJFeYxAcDj/dmmJkXJJxp47rfTm5ldW19I79Z2Nre2d0r7h80dJwqQusk5rFqBVhTziStG2Y4bSWKYhFw2gwGNxO/+USVZrF8MMOE+gL3JIsYwcZKzTt0hcRj2C2W3LI7BVomXkZKkKHWLf50wpikgkpDONa67bmJ8UdYGUY4HRc6qaYJJgPco21LJRZU+6PpuWN0YpUQRbGyJQ2aqn8nRlhoPRSB7RTY9PWiNxH/89qpiS79EZNJaqgks0VRypGJ0eR3FDJFieFDSzBRzN6KSB8rTIxNaG5LIMY2E28xgWXSqJS9s3Ll/rxUvc7SycMRHMMpeHABVbiFGtSBwABe4BXenGfn3flwPmetOSebOYQ5OF+/zaGVUw==</latexit>

N = nd
<latexit sha1_base64="NprZbnjsLty/0NXDdUVSpVNUekY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioI0QtLGSCOYDkjPs7e0lq7t7x+6eEEL8DbZa24mt/8XSf+ImucIkPhh4vDfDzLwg4Uwb1/12ckvLK6tr+fXCxubW9k5xd6+h41QRWicxj1UrwJpyJmndMMNpK1EUi4DTZvB4NfabT1RpFss7M0ioL3BPsogRbKzUuLlA8j7sFktu2Z0ALRIvIyXIUOsWfzphTFJBpSEca9323MT4Q6wMI5yOCp1U0wSTR9yjbUslFlT7w8m1I3RklRBFsbIlDZqofyeGWGg9EIHtFNj09bw3Fv/z2qmJzv0hk0lqqCTTRVHKkYnR+HUUMkWJ4QNLMFHM3opIHytMjA1oZksgRjYTbz6BRdKolL2TcuX2tFS9zNLJwwEcwjF4cAZVuIYa1IHAA7zAK7w5z8678+F8TltzTjazDzNwvn4BeISVKw==</latexit>

2d-order 
tensor

m
<latexit sha1_base64="FGO9z/msaUot/55DudcBDsIGDxY=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuiXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXtGk4s=</latexit>

n
<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>

n
<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>

m
<latexit sha1_base64="FGO9z/msaUot/55DudcBDsIGDxY=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuiXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXtGk4s=</latexit>

d
<latexit sha1_base64="M0650FM65GnYMpebDPRAVAszLFA=">AAAB93icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvNpF26uwm7GyGE/gKvevYmXv05Hv0nbtscbOuDgcd7M8zMCxLOtHHdb2djc2t7Z7e0V94/ODw6rpycdnScKgptGvNY9QKigTMJbcMMh16igIiAQzeYPMz87jMozWL5ZLIEfEFGkkWMEmOlVjisVN2aOwdeJ15BqqhAc1j5GYQxTQVIQznRuu+5ifFzogyjHKblQaohIXRCRtC3VBIB2s/nh07xpVVCHMXKljR4rv6dyInQOhOB7RTEjPWqNxP/8/qpie78nMkkNSDpYlGUcmxiPPsah0wBNTyzhFDF7K2Yjoki1NhslrYEYmoz8VYTWCedes27rtVbN9XGfZFOCZ2jC3SFPHSLGugRNVEbUQToBb2iNydz3p0P53PRuuEUM2doCc7XL20bk4I=</latexit>

d
<latexit sha1_base64="M0650FM65GnYMpebDPRAVAszLFA=">AAAB93icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvNpF26uwm7GyGE/gKvevYmXv05Hv0nbtscbOuDgcd7M8zMCxLOtHHdb2djc2t7Z7e0V94/ODw6rpycdnScKgptGvNY9QKigTMJbcMMh16igIiAQzeYPMz87jMozWL5ZLIEfEFGkkWMEmOlVjisVN2aOwdeJ15BqqhAc1j5GYQxTQVIQznRuu+5ifFzogyjHKblQaohIXRCRtC3VBIB2s/nh07xpVVCHMXKljR4rv6dyInQOhOB7RTEjPWqNxP/8/qpie78nMkkNSDpYlGUcmxiPPsah0wBNTyzhFDF7K2Yjoki1NhslrYEYmoz8VYTWCedes27rtVbN9XGfZFOCZ2jC3SFPHSLGugRNVEbUQToBb2iNydz3p0P53PRuuEUM2doCc7XL20bk4I=</latexit>

=<latexit sha1_base64="Vy5/Vls8b+i8k3uIgMh4PXUpcAI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioI0QtLFMwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmDzM/M4zKM0i+WTSGHxBRpKFjBJjpebdoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/P0ymiM3SOLpGHblAdPaIGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CL7aTWw==</latexit>

TT Matrix TT-rank

Number 
of parameters
d

d
p
MNr2

<latexit sha1_base64="k+oMM7QXifjnamxmcIy1KMjBoXI=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVZIq6LLoxo1SwT6gjWUymbRDZyZxZlIoIT/gN7jVtTtx61+49E+ctlnY1gMXDufcy7kcP2ZUacf5tgorq2vrG8XN0tb2zu6evX/QVFEiMWngiEWy7SNFGBWkoalmpB1LgrjPSMsfXk/81ohIRSPxoMcx8TjqCxpSjLSRerYddNWT1J3AS2/vMvlY7dllp+JMAZeJm5MyyFHv2T/dIMIJJ0JjhpTquE6svRRJTTEjWambKBIjPER90jFUIE6Ul04/z+CJUQIYRtKM0HCq/r1IEVdqzH2zyZEeqEVvIv7ndRIdXnopFXGiicCzoDBhUEdwUgMMqCRYs7EhCEtqfoV4gCTC2pQ1l+LzzHTiLjawTJrVintWqd6fl2tXeTtFcASOwSlwwQWogRtQBw2AwQi8gFfwZj1b79aH9TlbLVj5zSGYg/X1C3SfmiA=</latexit>

W Th1
<latexit sha1_base64="L3726S0wPaAZMHE7GLy2w1g1F1Q=">AAACB3icbVDLSsNAFL2pr1ofjbp0M1gEVyWpgi6LblxW6AvaGCbTSTt0JgkzE6GUfoDf4FbX7sStn+HSP3HSZmFbD1zu4Zx7uZcTJJwp7TjfVmFjc2t7p7hb2ts/OCzbR8dtFaeS0BaJeSy7AVaUs4i2NNOcdhNJsQg47QTju8zvPFGpWBw19SShnsDDiIWMYG0k3y73A4E6j02U9ZHv+nbFqTpzoHXi5qQCORq+/dMfxCQVNNKEY6V6rpNob4qlZoTTWamfKppgMsZD2jM0woIqbzp/fIbOjTJAYSxNRRrN1b8bUyyUmojATAqsR2rVy8T/vF6qwxtvyqIk1TQii0NhypGOUZYCGjBJieYTQzCRzPyKyAhLTLTJaulKIGYmE3c1gXXSrlXdy2rt4apSv83TKcIpnMEFuHANdbiHBrSAQAov8Apv1rP1bn1Yn4vRgpXvnMASrK9f3diYkg==</latexit>

N = nd
<latexit sha1_base64="NprZbnjsLty/0NXDdUVSpVNUekY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioI0QtLGSCOYDkjPs7e0lq7t7x+6eEEL8DbZa24mt/8XSf+ImucIkPhh4vDfDzLwg4Uwb1/12ckvLK6tr+fXCxubW9k5xd6+h41QRWicxj1UrwJpyJmndMMNpK1EUi4DTZvB4NfabT1RpFss7M0ioL3BPsogRbKzUuLlA8j7sFktu2Z0ALRIvIyXIUOsWfzphTFJBpSEca9323MT4Q6wMI5yOCp1U0wSTR9yjbUslFlT7w8m1I3RklRBFsbIlDZqofyeGWGg9EIHtFNj09bw3Fv/z2qmJzv0hk0lqqCTTRVHKkYnR+HUUMkWJ4QNLMFHM3opIHytMjA1oZksgRjYTbz6BRdKolL2TcuX2tFS9zNLJwwEcwjF4cAZVuIYa1IHAA7zAK7w5z8678+F8TltzTjazDzNwvn4BeISVKw==</latexit>

d-order tensor H1
<latexit sha1_base64="nKqATXhVI8HwzzcJt8za2drnZZg=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgZtUkYwD0iWMDuZTYbMzK4zs0JYUvoNtlrbia0fYumfOJtsYRIPXDiccy/3cIKYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Fd5refqNIskg9mElNf4KFkISPYWMnvCWxGBPO0Pu17/VLZrbgzoFXi5aQMORr90k9vEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85CT9G5VQYojJQdadBM/XuRYqH1RAR2Mwupl71M/M/rJia88VMm48RQSeaPwoQjE6GsATRgihLDJ5ZgopjNisgIK0yM7WnhSyCmthNvuYFV0qpWvMtK9f6qXLvN2ynAKZzBBXhwDTWoQwOaQOARXuAV3pxn5935cD7nq2tOfnMCC3C+fgGT4Zic</latexit>

n
<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>

n
<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>

m
<latexit sha1_base64="FGO9z/msaUot/55DudcBDsIGDxY=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuiXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXtGk4s=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

G1
<latexit sha1_base64="pYi4WJk7jSecnWGY1T+9Z/pCQ/Y=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgYttIxgHpAsYXYymwyZmV1nZoWwpPQbbLW2E1s/xNI/cTbZwiQeuHA4517u4QQxZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODps6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaObzG89UaVZJB/MOKa+wAPJQkawsZLfFdgMCebp7aTn9Uplt+JOgZaJl5My5Kj3Sj/dfkQSQaUhHGvd8dzY+ClWhhFOJ8VuommMyQgPaMdSiQXVfjoNPUGnVumjMFJ2pEFT9e9FioXWYxHYzSykXvQy8T+vk5jwyk+ZjBNDJZk9ChOOTISyBlCfKUoMH1uCiWI2KyJDrDAxtqe5L4GY2E68xQaWSbNa8c4r1fuLcu06b6cAx3ACZ+DBJdTgDurQAAKP8AKv8OY8O+/Oh/M5W11x8psjmIPz9QuSS5ib</latexit>

Gd
<latexit sha1_base64="f87RNn8QQzIlB9zcaTAp8Gw4vqE=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy60GUF+4A2lMlk0g6dSeLMRCghS7/Bra7diVs/xKV/4qTNwrYeuHA4517u4XgxZ0rb9re1srq2vrFZ2ipv7+zu7VcODtsqSiShLRLxSHY9rChnIW1ppjntxpJi4XHa8cY3ud95olKxKHzQk5i6Ag9DFjCCtZHcvsB6RDBPb7OBP6hU7Zo9BVomTkGqUKA5qPz0/YgkgoaacKxUz7Fj7aZYakY4zcr9RNEYkzEe0p6hIRZUuek0dIZOjeKjIJJmQo2m6t+LFAulJsIzm3lItejl4n9eL9HBlZuyME40DcnsUZBwpCOUN4B8JinRfGIIJpKZrIiMsMREm57mvngiM504iw0sk3a95pzX6vcX1cZ10U4JjuEEzsCBS2jAHTShBQQe4QVe4c16tt6tD+tztrpiFTdHMAfr6xfilJjO</latexit>

=<latexit sha1_base64="Vy5/Vls8b+i8k3uIgMh4PXUpcAI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioI0QtLFMwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmDzM/M4zKM0i+WTSGHxBRpKFjBJjpebdoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/P0ymiM3SOLpGHblAdPaIGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CL7aTWw==</latexit>

TT(G1, · · · ,Gd)⇥1,...,d H1
<latexit sha1_base64="d4jmzzfyxXQpVdzRJhUlmj9ovMk="></latexit>
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‣ Loss:

‣ Gradients over TN core tensors

Learning of TN Weights

min
W

L(W ,x, y) ) min
G1,··· ,Gd

L({G1, · · · ,Gd},x, y)
<latexit sha1_base64="o/pLwqY8r6ARz1aT0Op+M4N/2Bw="></latexit>

h2 = �(W Th1 + b)
<latexit sha1_base64="vbyYqORwDxiIPWWbVv1/yM0qAVg=">AAACIXicbZDLSsNAFIYnXmu9RV26GSxCi1CSKuhGKLpxWaE3aGKYTKft0JkkzEyEEvoMPoTP4FbX7sSduPJNnKRZ2NYDAx//fw7nzO9HjEplWV/Gyura+sZmYau4vbO7t28eHLZlGAtMWjhkoej6SBJGA9JSVDHSjQRB3Gek449vU7/zSISkYdBUk4i4HA0DOqAYKS15ZsXxORx5NXgNHUmHHJVTofPQhDPDhmcZ+RXPLFlVKyu4DHYOJZBXwzN/nH6IY04ChRmSsmdbkXITJBTFjEyLTixJhPAYDUlPY4A4kW6SfWkKT7XSh4NQ6BcomKl/JxLEpZxwX3dypEZy0UvF/7xerAZXbkKDKFYkwLNFg5hBFcI0H9ingmDFJhoQFlTfCvEICYSVTnFui8+nOhN7MYFlaNeq9nm1dn9Rqt/k6RTAMTgBZWCDS1AHd6ABWgCDJ/ACXsGb8Wy8Gx/G56x1xchnjsBcGd+/d8uhLQ==</latexit>

o2
<latexit sha1_base64="YA3YTF53qS01V1C9Vz2QU1pyR4E=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTIPJaZWSEswW/wqmdv4tVv8eifOEn2YBILGoqqbrq7ooQzY33/21tb39jc2i7sFHf39g8OS0fHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upv6rSeqDVPy0Y4TGgo8kCxmBFsntbqRQKpX7ZXKfsWfAa2SICdlyFHvlX66fUVSQaUlHBvTCfzEhhnWlhFOJ8VuamiCyQgPaMdRiQU1YTY7d4LOndJHsdKupEUz9e9EhoUxYxG5ToHt0Cx7U/E/r5Pa+CbMmExSSyWZL4pTjqxC099Rn2lKLB87golm7lZEhlhjYl1CC1siMXGZBMsJrJJmtRJcVqoPV+XabZ5OAU7hDC4ggGuowT3UoQEERvACr/DmPXvv3of3OW9d8/KZE1iA9/ULUS+VpQ==</latexit>

n
<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>

m
<latexit sha1_base64="FGO9z/msaUot/55DudcBDsIGDxY=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuiXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXtGk4s=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

d-order tensor

d-order tensor

m
<latexit sha1_base64="FGO9z/msaUot/55DudcBDsIGDxY=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuiXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXtGk4s=</latexit>

n
<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

m
<latexit sha1_base64="FGO9z/msaUot/55DudcBDsIGDxY=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuiXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXtGk4s=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

n
<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>n

<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

m
<latexit sha1_base64="FGO9z/msaUot/55DudcBDsIGDxY=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuiXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXtGk4s=</latexit>

G1
<latexit sha1_base64="pYi4WJk7jSecnWGY1T+9Z/pCQ/Y=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgYttIxgHpAsYXYymwyZmV1nZoWwpPQbbLW2E1s/xNI/cTbZwiQeuHA4517u4QQxZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODps6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaObzG89UaVZJB/MOKa+wAPJQkawsZLfFdgMCebp7aTn9Uplt+JOgZaJl5My5Kj3Sj/dfkQSQaUhHGvd8dzY+ClWhhFOJ8VuommMyQgPaMdSiQXVfjoNPUGnVumjMFJ2pEFT9e9FioXWYxHYzSykXvQy8T+vk5jwyk+ZjBNDJZk9ChOOTISyBlCfKUoMH1uCiWI2KyJDrDAxtqe5L4GY2E68xQaWSbNa8c4r1fuLcu06b6cAx3ACZ+DBJdTgDurQAAKP8AKv8OY8O+/Oh/M5W11x8psjmIPz9QuSS5ib</latexit>

Gd
<latexit sha1_base64="f87RNn8QQzIlB9zcaTAp8Gw4vqE=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy60GUF+4A2lMlk0g6dSeLMRCghS7/Bra7diVs/xKV/4qTNwrYeuHA4517u4XgxZ0rb9re1srq2vrFZ2ipv7+zu7VcODtsqSiShLRLxSHY9rChnIW1ppjntxpJi4XHa8cY3ud95olKxKHzQk5i6Ag9DFjCCtZHcvsB6RDBPb7OBP6hU7Zo9BVomTkGqUKA5qPz0/YgkgoaacKxUz7Fj7aZYakY4zcr9RNEYkzEe0p6hIRZUuek0dIZOjeKjIJJmQo2m6t+LFAulJsIzm3lItejl4n9eL9HBlZuyME40DcnsUZBwpCOUN4B8JinRfGIIJpKZrIiMsMREm57mvngiM504iw0sk3a95pzX6vcX1cZ10U4JjuEEzsCBS2jAHTShBQQe4QVe4c16tt6tD+tztrpiFTdHMAfr6xfilJjO</latexit>

Q1
<latexit sha1_base64="Rm4XceLAlo1yWQZfjVksZUh/0hQ=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgZtLBMwD0iWMDuZTYbMzK4zs0JYUvoNtlrbia0fYumfOJtsYRIPXDiccy/3cIKYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Fd5refqNIskg9mElNf4KFkISPYWMnvCWxGBPO0Me17/VLZrbgzoFXi5aQMOer90k9vEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85CT9G5VQYojJQdadBM/XuRYqH1RAR2Mwupl71M/M/rJia88VMm48RQSeaPwoQjE6GsATRgihLDJ5ZgopjNisgIK0yM7WnhSyCmthNvuYFV0qpWvMtKtXFVrt3m7RTgFM7gAjy4hhrcQx2aQOARXuAV3pxn5935cD7nq2tOfnMCC3C+fgGiJ5il</latexit>

Qd
<latexit sha1_base64="3MFnF3TUwkZrFTYHOmHnfr6C7MY=">AAACA3icbVDLSsNAFL3xWeur6tJNsAiuSlIFXRbduGzBPqANZTKZtENnJnFmIpSQpd/gVtfuxK0f4tI/cdJmYVsPXDiccy/3cPyYUaUd59taW9/Y3Nou7ZR39/YPDitHxx0VJRKTNo5YJHs+UoRRQdqaakZ6sSSI+4x0/cld7nefiFQ0Eg96GhOPo5GgIcVIG8kbcKTHGLG0lQ2DYaXq1JwZ7FXiFqQKBZrDys8giHDCidCYIaX6rhNrL0VSU8xIVh4kisQIT9CI9A0ViBPlpbPQmX1ulMAOI2lGaHum/r1IEVdqyn2zmYdUy14u/uf1Ex3eeCkVcaKJwPNHYcJsHdl5A3ZAJcGaTQ1BWFKT1cZjJBHWpqeFLz7PTCfucgOrpFOvuZe1euuq2rgt2inBKZzBBbhwDQ24hya0AcMjvMArvFnP1rv1YX3OV9es4uYEFmB9/QLycJjY</latexit>

d-order tensor

@L
@Gk

=
@L
@h2

@h2

@o2

@o2

@Gk
<latexit sha1_base64="PWeJA6IF0367g81E/pSbi6scmG0="></latexit>

n
<latexit sha1_base64="JNr8sPIIoar8uht1lYfWLaQiPRk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuyXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXzZk4w=</latexit>

m
<latexit sha1_base64="FGO9z/msaUot/55DudcBDsIGDxY=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuiXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BXtGk4s=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

r
<latexit sha1_base64="p7b/XR6tAd9mhLDe/vXcc5ryw8g=">AAAB93icbVA9SwNBEJ3zM8avqKXNYRCswl0UtAzaWCZgPiA5wt5mLlmyu3fs7gnhyC+w1dpObP05lv4TN8kVJvHBwOO9GWbmhQln2njet7OxubW9s1vYK+4fHB4dl05OWzpOFcUmjXmsOiHRyJnEpmGGYydRSETIsR2OH2Z++xmVZrF8MpMEA0GGkkWMEmOlhuqXyl7Fm8NdJ35OypCj3i/99AYxTQVKQznRuut7iQkyogyjHKfFXqoxIXRMhti1VBKBOsjmh07dS6sM3ChWtqRx5+rfiYwIrScitJ2CmJFe9Wbif143NdFdkDGZpAYlXSyKUu6a2J197Q6YQmr4xBJCFbO3unREFKHGZrO0JRRTm4m/msA6aVUr/nWl2rgp1+7zdApwDhdwBT7cQg0eoQ5NoIDwAq/w5kycd+fD+Vy0bjj5zBkswfn6BYMlk5A=</latexit>

G1
<latexit sha1_base64="pYi4WJk7jSecnWGY1T+9Z/pCQ/Y=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgYttIxgHpAsYXYymwyZmV1nZoWwpPQbbLW2E1s/xNI/cTbZwiQeuHA4517u4QQxZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODps6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaObzG89UaVZJB/MOKa+wAPJQkawsZLfFdgMCebp7aTn9Uplt+JOgZaJl5My5Kj3Sj/dfkQSQaUhHGvd8dzY+ClWhhFOJ8VuommMyQgPaMdSiQXVfjoNPUGnVumjMFJ2pEFT9e9FioXWYxHYzSykXvQy8T+vk5jwyk+ZjBNDJZk9ChOOTISyBlCfKUoMH1uCiWI2KyJDrDAxtqe5L4GY2E68xQaWSbNa8c4r1fuLcu06b6cAx3ACZ+DBJdTgDurQAAKP8AKv8OY8O+/Oh/M5W11x8psjmIPz9QuSS5ib</latexit>

Gd
<latexit sha1_base64="f87RNn8QQzIlB9zcaTAp8Gw4vqE=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy60GUF+4A2lMlk0g6dSeLMRCghS7/Bra7diVs/xKV/4qTNwrYeuHA4517u4XgxZ0rb9re1srq2vrFZ2ipv7+zu7VcODtsqSiShLRLxSHY9rChnIW1ppjntxpJi4XHa8cY3ud95olKxKHzQk5i6Ag9DFjCCtZHcvsB6RDBPb7OBP6hU7Zo9BVomTkGqUKA5qPz0/YgkgoaacKxUz7Fj7aZYakY4zcr9RNEYkzEe0p6hIRZUuek0dIZOjeKjIJJmQo2m6t+LFAulJsIzm3lItejl4n9eL9HBlZuyME40DcnsUZBwpCOUN4B8JinRfGIIJpKZrIiMsMREm57mvngiM504iw0sk3a95pzX6vcX1cZ10U4JjuEEzsCBS2jAHTShBQQe4QVe4c16tt6tD+tztrpiFTdHMAfr6xfilJjO</latexit>

d
<latexit sha1_base64="M0650FM65GnYMpebDPRAVAszLFA=">AAAB93icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvNpF26uwm7GyGE/gKvevYmXv05Hv0nbtscbOuDgcd7M8zMCxLOtHHdb2djc2t7Z7e0V94/ODw6rpycdnScKgptGvNY9QKigTMJbcMMh16igIiAQzeYPMz87jMozWL5ZLIEfEFGkkWMEmOlVjisVN2aOwdeJ15BqqhAc1j5GYQxTQVIQznRuu+5ifFzogyjHKblQaohIXRCRtC3VBIB2s/nh07xpVVCHMXKljR4rv6dyInQOhOB7RTEjPWqNxP/8/qpie78nMkkNSDpYlGUcmxiPPsah0wBNTyzhFDF7K2Yjoki1NhslrYEYmoz8VYTWCedes27rtVbN9XGfZFOCZ2jC3SFPHSLGugRNVEbUQToBb2iNydz3p0P53PRuuEUM2doCc7XL20bk4I=</latexit>

W (nd ⇥md)
<latexit sha1_base64="ZLNEFqdz0hPzSQqT/my2G1muybo=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1iEuilJFXRZdOOygn1Ak5bJZNIOnZmEmYlQQr/Bb3Cra3fi1m9w6Z84bbOwrQcuHM65l3M5QcKo0o7zbRXW1jc2t4rbpZ3dvf0D+/CopeJUYtLEMYtlJ0CKMCpIU1PNSCeRBPGAkXYwupv67SciFY3Fox4nxOdoIGhEMdJG6tsnXsBhG1ZEL/Q05URB3gsv+nbZqTozwFXi5qQMcjT69o8XxjjlRGjMkFJd10m0nyGpKWZkUvJSRRKER2hAuoYKZJL8bPb+BJ4bJYRRLM0IDWfq34sMcaXGPDCbHOmhWvam4n9eN9XRjZ9RkaSaCDwPilIGdQynXcCQSoI1GxuCsKTmV4iHSCKsTWMLKQGfmE7c5QZWSatWdS+rtYercv02b6cITsEZqAAXXIM6uAcN0AQYZOAFvII369l6tz6sz/lqwcpvjsECrK9fkuabJw==</latexit>
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‣ Mapping input data into TN representation 

TN representation of inputs

Supervised Learning with Quantum-Inspired Tensor Networks (Stoudenmire et al., NIPS 2016)

Rank-1 
Tensor 

x = [x1, x2, . . . , xd]
T

<latexit sha1_base64="BLWEx98A3/vcyb7W+XUHdBrmvUY=">AAACHXicbVC7TsMwFHXKq5RXgJHFoqrEUFVJQYIFqYKFsUh9SWmIHMdprToP2Q5qFfUL+Ai+gRVmNsSKGPkTnDYDbTmSreNz7tW9Pm7MqJCG8a0V1tY3NreK26Wd3b39A/3wqCOihGPSxhGLeM9FgjAakrakkpFezAkKXEa67ug287uPhAsahS05iYkdoEFIfYqRVJKjV/oBkkPXh+NraMGxY1bVVa/CPvMiKbKHZz+0HL1s1IwZ4Coxc1IGOZqO/tP3IpwEJJSYISEs04ilnSIuKWZkWuongsQIj9CAWIqGKCDCTmffmcKKUjzoR1ydUMKZ+rcjRYEQk8BVldnyYtnLxP88K5H+lZ3SME4kCfF8kJ8wKCOYZQM9ygmWbKIIwpyqXSEeIo6wVAkuTHGDqcrEXE5glXTqNfO8Vr+/KDdu8nSK4AScgjNggkvQAHegCdoAgyfwAl7Bm/asvWsf2ue8tKDlPcdgAdrXLz68oLY=</latexit>

d
<latexit sha1_base64="M0650FM65GnYMpebDPRAVAszLFA=">AAAB93icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvNpF26uwm7GyGE/gKvevYmXv05Hv0nbtscbOuDgcd7M8zMCxLOtHHdb2djc2t7Z7e0V94/ODw6rpycdnScKgptGvNY9QKigTMJbcMMh16igIiAQzeYPMz87jMozWL5ZLIEfEFGkkWMEmOlVjisVN2aOwdeJ15BqqhAc1j5GYQxTQVIQznRuu+5ifFzogyjHKblQaohIXRCRtC3VBIB2s/nh07xpVVCHMXKljR4rv6dyInQOhOB7RTEjPWqNxP/8/qpie78nMkkNSDpYlGUcmxiPPsah0wBNTyzhFDF7K2Yjoki1NhslrYEYmoz8VYTWCedes27rtVbN9XGfZFOCZ2jC3SFPHSLGugRNVEbUQToBb2iNydz3p0P53PRuuEUM2doCc7XL20bk4I=</latexit>

�(xi) =
h
cos

⇣⇡
2
xi

⌘
, sin

⇣⇡
2
xi

⌘iT
<latexit sha1_base64="EYSo7ULy7+n5U+GE++M/M1QPVPY="></latexit>

Inspired by “spin” vectors 
in quantum system

�(x) = �(x1)⌦ �(x2)⌦ · · ·⌦ �(xd)
<latexit sha1_base64="con2OZWVyoEZ488qINDn0Gan+ps="></latexit>

d 7! 2d
<latexit sha1_base64="vGFQZt+tx/C7M+TKU/o+t9TybyY=">AAACA3icbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWEYwH5CcYW9vL1myu3fu7gnhSOlvsNXaTmz9IZb+EzfJFSbxwcDjvRlm5gUJZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODps6ThWhDRLzWLUDrClnkjYMM5y2E0WxCDhtBcObid96okqzWN6bUUJ9gfuSRYxgYyU/RF2BE21iVH0Ie6WyW3GnQMvEy0kZctR7pZ9uGJNUUGkIx1p3PDcxfoaVYYTTcbGbappgMsR92rFUYkG1n02PHqNTq4QoipUtadBU/TuRYaH1SAS2U2Az0IveRPzP66QmuvIzJpPUUElmi6KUI/vkJAEUMkWJ4SNLMFHM3orIACtMjM1pbksgxjYTbzGBZdKsVrzzSvXuoly7ztMpwDGcwBl4cAk1uIU6NIDAI7zAK7w5z8678+F8zlpXnHzmCObgfP0CyZCYHg==</latexit>

‣ Accuracy of 99.03% on MNIST by one layer

Local feature map

· · ·<latexit sha1_base64="4mP99hm5bAeMAV6d/EL5DmUaAXI=">AAAB/HicbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQxjKC+YDkCHt7e8ma3dtjd04IR/wNtlrbia3/xdJ/4ia5wiQ+GHi8N8PMvCAR3IDrfjuFtfWNza3idmlnd2//oHx41DIq1ZQ1qRJKdwJimOAxawIHwTqJZkQGgrWD0e3Ubz8xbbiKH2CcMF+SQcwjTglYqdWjoQLTL1fcqjsDXiVeTiooR6Nf/umFiqaSxUAFMabruQn4GdHAqWCTUi81LCF0RAasa2lMJDN+Nrt2gs+sEuJIaVsx4Jn6dyIj0pixDGynJDA0y95U/M/rphBd+xmPkxRYTOeLolRgUHj6Og65ZhTE2BJCNbe3YjokmlCwAS1sCeTEZuItJ7BKWrWqd1Gt3V9W6jd5OkV0gk7ROfLQFaqjO9RATUTRI3pBr+jNeXbenQ/nc95acPKZY7QA5+sXcw+VyQ==</latexit>d-order =<latexit sha1_base64="Vy5/Vls8b+i8k3uIgMh4PXUpcAI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioI0QtLFMwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmDzM/M4zKM0i+WTSGHxBRpKFjBJjpebdoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/P0ymiM3SOLpGHblAdPaIGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CL7aTWw==</latexit>

(2⇥ 2⇥ · · ·⇥ 2)
<latexit sha1_base64="FwT7i4aIOt19bPGP4EDr4cP+pJE=">AAACGXicbVC7SgNBFJ2Nrxhfq5Y2o0GITdhdBS2DNpYRzAOyS5idnSRDZh/M3BXCktqP8BtstbYTWytL/8RJsoJJPDBwOOdezp3jJ4IrsKwvo7Cyura+UdwsbW3v7O6Z+wdNFaeSsgaNRSzbPlFM8Ig1gINg7UQyEvqCtfzhzcRvPTCpeBzdwyhhXkj6Ee9xSkBLXfMYVxwXeMgUdvCMuDSIQf2KZ12zbFWtKfAysXNSRjnqXfPbDWKahiwCKohSHdtKwMuIBE4FG5fcVLGE0CHps46mEdE5Xjb9yhifaiXAvVjqFwGeqn83MhIqNQp9PRkSGKhFbyL+53VS6F15GY+SFFhEZ0G9VGCI8aQXHHDJKIiRJoRKrm/FdEAkoaDbm0vxw7HuxF5sYJk0nap9XnXuLsq167ydIjpCJ6iCbHSJaugW1VEDUfSIntELejWejDfj3fiYjRaMfOcQzcH4/AF9oZ/p</latexit>
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‣ Weight matrices/kernels 
of well-trained models are 
not necessarily low-rank

‣ Re-parametrizes weight 
tensors as CPD reduces 
the generalization error

‣ Higher compression -> 
smaller generalization 
error bound

Generalization of Compressed CNN

Understanding Generalization in Deep Learning via Tensor Methods (Li et al., AISTATS 2020)

Generalization 
Error

Empirical 
Loss

CP Rank 

K =
RX

r=1

�rv
(1)
r ⌦ · · ·⌦ v(N)

r

<latexit sha1_base64="Cii5IEYHYKkxMQuB23l4P2+9thM="></latexit>
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‣ Multimodal sentimental classification (Acoustic, Visual, Language)

‣ Visual question answering (Image + Language)

Multimodal Learning

Speak’s behaviours 

Ti

“This	movie	is	sick”

Speaker’s	behaviors Sentiment	Intensity

time

Sentiment and Emotion Analysis

?

Un
im

od
al

Multimodal	Representation
(Multimodal	Fusion)

Bi
m
od

al

Tr
im

od
al

① Intra-modal Interactions

② Cross-modal Interactions
③ Computational	Efficiency

Smile

Loud

Multimodal
Sentimental intensity

Multimodal 
representation

Multimodal fusion

La
ng

ua
ge

Vi
su

al
Ac

ou
st

ic
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‣ Trilinear fusion: linear, bilinear and trilinear interactions

Tensor Fusion Network for Multimodal Learning

Tensor Fusion Network for Multimodal Sentiment Analysis (Zadeh et al., EMNLP 2017)

Acoustic

ha

Visual 

hv

Language 

hl

ha ⌦ hv

hv ⌦ hl

ha ⌦ hl

ha ⌦ hv ⌦ hl

‣ Exponential increase of dimensionality and complexity

28



‣ Expressive power of tensor fusion is limited 

‣ High-oder intra-modal and cross-modal feature interactions 

‣ Tensor Polynomial Pooling (PTP)

High-order Tensor Fusion

Deep Multimodal Multilinear Fusion with High-order Polynomial Pooling, NeurIPS 2019

F = f⌦ f⌦ · · ·⌦ f| {z }
P-order

Modality 1

Modality 2

Feature Interactions

‣ Linear

‣ Bilinear

‣ Trilinear

‣ Intra-modal

‣ High-order

F1,1,1 = f3
1 , F1,2,1 = f2

1 f2,

F1,2,3 = f1f2f3, F1,2,2 = f1f
2
2

<latexit sha1_base64="BQJo0G/BnhGJ0/JHApGEW/esbBc="></latexit>

Example: (md)P
<latexit sha1_base64="+30Spn0nonFZCs0WSP54egitTCA=">AAAB/HicbVDLSgMxFL1TX7W+qi7dBItQN2WmCrosunFZwT6gHSWTybSxSWZIMkIZ6je41bU7ceu/uPRPTB8L23ogcDjnXO7NCRLOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpOFaENEvNYtQOsKWeSNgwznLYTRbEIOG0Fg+ux33qiSrNY3plhQn2Be5JFjGBjpWZZhKf39Ydiya24E6Bl4s1ICWaw+Z9uGJNUUGkIx1p3PDcxfoaVYYTTUaGbappgMsA92rFUYkG1n02uHaETq4QoipV90qCJ+nciw0LroQhsUmDT14veWPzP66QmuvQzJpPUUEmmi6KUIxOj8ddRyBQlhg8twUQxeysifawwMbaguS2BGNlOvMUGlkmzWvHOKtXb81LtatZOHo7gGMrgwQXU4Abq0AACj/ACr/DmPDvvzofzOY3mnNnMIczB+foFZ3eVIA==</latexit>

Number of 
modality

Dimension 
of feature

Order
Dimensionality increases exponentially with P
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(Hou et al., NeurIPS 2019)



‣ Highly enhanced expressive without much increasing number of parameters

Tensor Polynomial Pooling (PTP)
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Number of Parameters
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(Hou et al., NeurIPS 2019)



Imperfect data: 

‣ Incomplete due to sensor failure 

‣ Corrupted by random or structured noises

How to learn robust representation from imperfect multimodal data?

Imperfect Multimodal Time Series Data

‣ Clean data: multimodal fused 
tensor exhibits low-rankness 
across time and modality

‣ Noisy and incomplete data 
breaks low-rank structure

31

(Liang et al. ACL 2019)



Low-rankness regularizer improves robustness to imperfect data

Temporal Tensor Fusion Network (T2FN)

Tensor fusion (Rank-1 tensor)

Low-rank regularizer
Upper bounds on nuclear norm

Learning Representations from Imperfect Time Series Data via Tensor Rank Regularization 
(Liang et al., ACL 2019)
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‣ RNN and LSTM do not have long memory from a statistical 
perspective [Zhao et al., ICML 2020]

‣ How to achieve long memory?

Recurrent Neural Networks 

(Greaves-Tunnell et al., ICML 2019)

x(t−1)

h(t−1)

y(t−1)

x(t)

h(t)

y(t)

x(t+1)

h(t+1)

y(t+1)

h(t) = σ(Wh(t−1) + Ux(t) + b)

RNN

Long memory
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Large  leads to long memory, small  leads to short memoryp p

Tensor-Power Recurrent Models 
(Li et al., AISTATS 2021)

( )-order weight tensorp + 1
Transition function
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‣ Long memory with increasing  but unstable 

‣ Symmetric tensor decomposition (STD) of weight tensor 

p

Learnable degree  p
(Li et al., AISTATS 2021)

STD factors of 
weight tensor G Update p
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Task: Given tensorial time series with irregular time steps, how to 
train a model for prediction on continuous time points and 
extrapolation for future.
Examples: videos with missing frames, relations between stock 
market prices of many companies, etc 

Challenges: 

‣ Tensorial NN/RNN (Bai et al. 2017): Incapable of handling irregular 
time steps, and prediction on decimal time points

‣ Neural ODE (Chen et al. NeurIPS 2018): Ignoring spatial structure 
information, large number of parameters

Tensorial time series data with irregular time step
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 Tensor Neural ODE
(Bai et al., IJCNN 2021)



Trends and Directions
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‣ Unsupervised learning with reduced order of TN representation

‣ Supervised learning for the top classification layer

Multi-Scale Tensor Network Architecture 

Learning Relevant Features of Data with Multi-scale Tensor Networks (Stoudenmire et al. 2018) 
A Multi-Scale Tensor Network Architecture for Classification and Regression (Reyes et al., 2020)

Orthogonal 
core tensors

�(xi) = [1, xi]
T , i 2 [1, d]

<latexit sha1_base64="bsKIMmbxuUZZAISzpXsoB3l+iAg=">AAACHHicbZDLSsNAFIYn9VbrLerSzWAVKpSSVEFBhKIblxV6gySWyXTSDp1MwsxELKEv4EP4DG517U7cCi59E6eXhW39YeDjP+dwzvx+zKhUlvVtZJaWV1bXsuu5jc2t7R1zd68ho0RgUscRi0TLR5IwykldUcVIKxYEhT4jTb9/M6o3H4iQNOI1NYiJF6IupwHFSGmrbR65cY8WHtv0BF5Bxy5Cjd59rQjdS0hdyrXV8dpm3ipZY8FFsKeQB1NV2+aP24lwEhKuMENSOrYVKy9FQlHMyDDnJpLECPdRlzgaOQqJ9NLxb4bwWDsdGERCP67g2P07kaJQykHo684QqZ6cr43M/2pOooILL6U8ThTheLIoSBhUERxFAztUEKzYQAPCgupbIe4hgbDSAc5s8cOhzsSeT2ARGuWSfVoq353lK9fTdLLgAByCArDBOaiAW1AFdYDBE3gBr+DNeDbejQ/jc9KaMaYz+2BGxtcvTjqflw==</latexit>
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98.08% 
accuracy on 

MNIST



‣ Hybrid model (CNN + PEPS)

Supervised Learning with Projected Entangled Pair States 

Supervised Learning with Projected Entangled Pair States (Chen et al., arXiv 2020)

From Probabilistic Graphical Models to Generalized Tensor Networks for Supervised Learning (Glasser, 
arXiv 2019)
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Quantum Neural Networks

https://blog.tensorflow.org/2020/08/layerwise-learning-for-quantum-neural-networks.html
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‣ Robustness to noise

‣ Tensor network circuits provide qubit-efficient 
schemes

 Quantum Machine Learning with Tensor Networks

Towards Quantum Machine Learning with Tensor Networks (Huggins et al., 2019)
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‣ TNs are useful tools for representation of high order 
structured data, and efficient reparameterization of deep 
NN models

‣ Theory shows TNs have expressive power similar to DNNs

‣ Robustness to adversarial attacks and interpretability of 
TN based ML models

Summary
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‣ Part-timer, interns, and collaborators
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