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Outline

> Learning from incomplete or limited data

> Parameter efficient machine learning models



Learning from Imperfect Data

» Recommender system, social network
> knowledge graph prediction, drug repositioning
» Image or video inpainting/denoising
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Tensor Completion
Obijective:
min [[€2* (Y — &X)[| + R(X)
* Fitting error Structure Regularizer

Challenges: data efficiency & efficient optimization

Approaches:
> Low-rankness assumption (convex, not scalable)
R(X) = [|X]].

» Decomposition based approach (optimal rank selection)
R(X) = [[X = TN(Gy,...,Gn)|

> Prior knowledge (smoothness, non-negative), side information
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Low-rankness Under Multiple Transformation

> Image is not always globally low-rank  (Heetal., CVPR 2019)

Reduced TIST 7 ""]""""; Similar proup tensors

' Group : g1$$

w ,
AR . Spectral - AT e i e i
3#} " .v""v‘ Ll _-"’.‘ i low-rank ! i B.1u :
S Ay - - - - . + Non-local |
06 Guowh? s U L)) N S T .
kg aeen B ,
R |
Noisy HSI \
S Low-rank Tensor
lleration | . .
regularization | ApprOX|mat|On

> Non-uniform missing patterns (slice, fiber missing) (Lietal, CVPR 2019)

min  [|Q(X)|« st [|[Pa(X) = Pal(Y)||r <o,
Xele Xm9
l Error bound is

Linear transformation theoretically guaranteed



Tensor Networks with Low-rank Cores

(L. Yuan et al., AAAI 2019)
Sample rate: 5%

/
%

NN
Observed image Reconstruction
Tensorization Tensor Network
(TT/TR)
Fitting error Nuclear norm on core tensor TT/TR decomposition

\ l v

min Hn*(y y)H +/\ZZHG(") . Y =TR(GD,... g

L

> Tensorization preprocess allows for capturing complex structural dependency
> Efficient optimization by combining decomposition and nuclear norm regularization

“Tensor ring decomposition with rank minimization on latent space: An efficient approach for tensor
completion”



Image Tensorization

>

fine grained
(local)

\

coarse grained
(global)

I.J *

I:I1*I2>I<I3 J:Jl*JQ*Jg;

> EXxplore correlations of patches in multi-scales
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What Is Tensor Network?

2-order 3-order N-order

Matrix Tensor Tensor

Factorization Factorization Networks

> Representation of N-order tensor as contractions of O(N)
smaller tensors

> Physics: to describe entangled quantum many-body systems

Matrix Product State /
Tensor Train

GOOO00

Tree Tensor Network /
Hierarchical Tucker MERA

@5@@

https://tensornetwork.org




Tensor Network Operations
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Tensor Ring Decomposition

(Zhao et al., arXiv 2016, ICASSP 2019)
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Fully Connected TN (FCTN)

(Zheng et al., AAAI 2021)
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Transpositional Invariance

R;

I/ AW A
> Number of Parameters » Tensor Network Ranks
CPD:  O(NIR) Comparison:
Tucker: O(NIR+ R™) > TTrank: Rank(X{;.4.441.87) < Ra;
TT/TR: O(NIR?) > TR-rank: Rdnk(x Lididt1: ,v]) < RdRN,
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Learning Tensor Network Structure

Compression ratio (log)
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(b) Graphical strctures of TN

Standard models may not be the most compressive one

» Can we learn an optimal TN structure from data?

> Difficulty: given an 9-order tensor, there are more than 68
BILLION candidates
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Optimization of TN topology

(Li et al., ICML 2020)
» The TN structures can be fully described by its adjacency matrice

Adjacency Matrix

X = TN(V; A 02 0 0)
/( )\ 2.0 20

Collection of core tensors Adjacency matrix 0 202
0 0 2 0,
ormat

Order-4 tensor with TT-

> Find an optimal A such that

s.t. 3V which satisfies ”X — TN(V; A)Hf__ )

, 1
AcA € (A)’

¢(A) = Uncompressed size of X

Parameter size of V under A

> Learn (near-)optimal TN topology via evolutionary algorithm (EA).
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Classification of incomplete data

Problem: learning classification model from incomplete data
x>,y ),n=1,...,N

p— "o’ olass Observed: ’

: 3
e BT o
! m ‘ “8” class N @
L&E—x——)l:l

Sequential approach (completion + classification), but cannot ensure
statistical consistence of classifier

» Exact recovery is not guaranteed

» Label information is ignored for reconstruction
15



Simultaneous reconstruction and classification

(Caiafa et al., CVPR workshop 2021)

» Learning sparse representation and classifier collaboratively
(NNs + sparse coding)

Datamodel: X; = DS; —. Sparse vector ||s;|lo < K

g

Dictionary matrix

Optimization problem: Minimize over the classifier's parameters and data representation

I
1 .
7(0,D,5) = = 3" {Jo(6,%i,5) + M (D, 51) + AaJa(5:)}
1=1 4 ~ :
e Promotes sparsity

Classification loss (e.g. ‘Repreientation B o h i)
crossentropy) forany  J1(D.s;) = F|lm; * (x; — Ds;)[|2. "=V
classifier (deep network)

=511

Alternated minimization training algorithm: alternate between {G), D}and S;
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Sufficient condition

(Caiafa et al., CVPR workshop 2021)

> |f the reconstructed data points are well separated by a
hyperplane, then the same classifier also correctly separates
the original (unobserved) data points.

Weights of classifier

e > |(w, x™)[ + [(w", x™))

T T .:Ul R TR U R /x gr.i t0 /x

| |
Original data Reconstructed data w :.o, / ' -
A (missing part) (Missing part) i o
D' K=B K=16
Ul 1d £ U 2o 675 £ 030

1.0 2.0 u 1.0 21
o) 'N

e | -
(I I Figure 3. Verificatoo of the suTiden, condition (51 [ur vanious levels of
x' s'( )(__1 > spansity i 2D4li>‘l0%;dlll ol & verss g — (w’".x"‘)| + W™, X))
Mean + s.eam (i = 10 perventage of correctly ¢lassified data samples are
shown fore > g and = < g.

+ X incomplete observations
complete data samples (uncbserved)

@ complete data sample reconstructions
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Results

MNIST (CNN4)
Miss. ZF i MS KNN10 KNN20 KNNS50 KNN100 NN-GMM Simult.
"75% | 84.86 +0.02 | 83.79 £ 0.01 | 88.16 + 0.01 | 87.94 + 0.01 | 87.03 £ 0.002 | 86.52 + 0.01 | 96.36 £ 0.12 | 98.09 + 0.04
50% | 90.13 +0.06 | 88.55+0.01 | 91.36 +0.02 | 91.11 +£0.02 | 90.87 £0.01 | 90.82 +0.01 | 97.57 + 0.37 | 98.23 +0.10
CIFARI10 (Resnet18)
- Miss. ZF MS KNN10 KNN20 KNNS50 KNN100 | NN-GMM Simult.
75% | 32.22 +2.09 | 21.30 +0.40 | 22.84 + 0.87 | 25.67 £ 0.80 | 26.52+0.70 | 26.01 +0.52 | 12.10 £ 0.61 | 54.81 + 0.47
50% | 46.37 +1.93 | 17.90 £0.94 | 30.94 + 0.54 | 29.68 + 0.46 | 30.01 +0.51 | 26.23 +1.01 | 14.02+0.75 | 62.50 + 0.95

cbszrved original

HI

Reconstruction
of test examples

eoonsl, vbsersed vnginal

ask (75% llllbblllg enliies)

Occlusion (50%

12]#[c]7]8
IIII.IHI

I55in “n*r C"

-m

Flgme 4. Originzl (top). observed (middle) and reconstructed (bottom)
MNIST and Fashion test images.

18




Latent factor analysis of limited data

Problem: Learning correlations and hidden patterns of higher-
order data require large sample sizes, which may be unavailable.

Given y € RY, suppose it has K < P common factors,
y=Wn+e €e~N(0X), (1)

where W € R"*¥ 5 ~ N(0, I) are latent factors and X is diagonal.

Marginalize 77, then we have y ~ N (0, V),

V= WW'+4+ ¥ .
— S

low-rank noise

19



Higher-order latent factor analysis

(Tao et al., ACML 2021)

a y & RP]X---XPD

» Given higher-order dat , marginalize 7 gives

Covariance of vectors: V';; = cov(y;,y,).

Covariance of tensors: Vi ijisjiizis = COV(Vijiziss Viydais)-

Core tensors

vpl--'PDP'l'"p}) =

— N\
(@[] - @ ool @ fpp)T - (@ p)T) +

low-rank TR NoISE

> TN representation of parameter W

MGP MGP MGP R MGP  MGP

MGP
Y= ...,.0%) ns.LE
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Tensor Networks for Efficient
Modeling



Model Compression

Goal: Make a lightweight model that is fast, memory-efficient and
energy-efficient

During
training
. output layer Or
input layer ) Aﬂer
hidden layer 1| hidden Jyer 2 (655\0“ training
ComMP

Weight parameter

» Reduce number of parameters but keeping comparable performance
> Compatible with SGD based optimization algorithm

> Computation efficiency
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Reparametrization via TN

Hidden layer
T
Jibio = fe=rChiy
output layer Hidden |ayer (N X M) Welgh’[S
e hidden layer 1 hidden layer 2 ( Number )

of parameters

Tensorization d TT Matrix TT-rank U9 VMN ”“21

M M=md " g 5 7«/
W N nd —gl
N n n
N ~ y
n
N d
N =
WS s (EmEmsRT)

W'h, — TT(G1, -+ ,Gq) X1....

Ga
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Learning of TN Weights

> Loss: %ﬂﬁ(@,w,y) =

AL | 9L Ohsldos
é)gk N ahz 802 @Qk
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TN representation of inputs

» Mapping input data into TN representation

in quantum system

ax X = |T1,%2,...,2q
d(x;) = [cos (gajz) ,sin (g%)}T W

O(x)|=|p(z1) Q|9 w2)®~~®¢(93d)

Local feature map
Rank-1

_ 00090 -9

> Accuracy of 99.03% on MNIST by one layer

] T Inspired by “spin” vectors

Supervised Learning with Quantum-Inspired Tensor Networks (Stoudenmire et al., NIPS 2016)
25



Generalization of Compressed CNN

> Weight matrices/kernels £ . =L b I
of well-trained models are : ¥4
not necessarily low-rank % 2 g o
7z 0.0 > 0.0-
(; 500 1,00 L1500 2,(;00 () 1,000 2,000 3,000
Index of the components [ndex of sLe commponens
. . R
> -
Re-parametrizes weight i — Z AvD @ @y
tensors as CPD reduces —

the generalization error
Generalization  Empirical

Error Loss
/S

: : SRR CP Rank
» Higher compression -> Lo(M) < L, (M)+
smaller generalization 5 S B0 (58 + o) 4+ kPEP 4 1)
error bound —

Understanding Generalization in Deep Learning via Tensor Methods (Li et al., AISTATS 2020)
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Multimodal Learning

> Multimodal sentimental classification (Acoustic, Visual, Language)

Speak’s behaviours Sentimental intensity
[0
% “ . . s 1, | | 9
= This movie is sick ] [ Tmmm===- .> ¢
=
%

— 1
g i~ .0
£ 3 . ~

& 1

| 1
Je) ' -
2 shlee-sfoefle-na ||| ||' . & &
)
(&)
<

Loud :
>
- I- E O = . .I
Multimodal | ’
1

representation

Multimodal fusion

> Visual question answering (Image + Language)

‘ lﬂ Q : “What do you see?” (Ground Truth : as)
a. : "A courtyard with flowers”

az : "A restaurant kitchen”

az : "A family with a stroller, tables for dining”
as : "People waiting on a train”

—
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Tensor Fusion Network for Multimodal Learning

» Trilinear fusion: linear, bilinear and trilinear interactions

L:.)ha o o 7V 7%
®0 'y ¢ros ’ =H®H®M
O

Acoustic

Binary S-class  Regression
Acc(%) F1  Acc(%) MAE T

TFNlanguagc 74.8 75-6 38-5 0.99 0-61
TFNuisuat 66.8 704 304 1.13 0.48
TFNacoustic 65.1 67.3 27.5 1.23 0-36

TFNbimodal 75.2 76.0 39.6 0.92 0.65
TFN¢trimodal 745 750 389 093 0.65
WNnotr,’yuodal 75.3 762 39-7 0-919 0.66

ha X hv & hl TFN 771 779 420 087 0.70
TFNecarty 75.2 762 390 096 0.63

Baseline

Language

» Exponential increase of dimensionality and complexity

Tensor Fusion Network for Multimodal Sentiment Analysis (Zadeh et al., EMNLP 2017)
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High-order Tensor Fusion

_ S (Hou et al., NeurlPS 2019)
» Expressive power of tensor fusion is limited

» High-oder intra-modal and cross-modal feature interactions

» Tensor Polynomial Pooling (PTP) Feature Interactions

Modality 1 if » Linear
Concatenate v e T
Z1 tensor product f g f » Bilinear
-~ — f' =[1,2],2]] — .“.‘Oo%é)ood)"... > Trilinear
2 o % » |ntra-modal
. /N
Modality 2 » High-order
F=ffx .- f Dimensionality increases exponentially with P
\ ~" - Order
P-order d P‘/
; ; (md)
Examp|e: fl,l,l — f17 F1,2,1 — fl f27 f
Fio3 = fifofs, Fioo = fifs Number of Dimension

modality of feature

Deep Multimodal Multilinear Fusion with High-order Polynomial Pooling, NeurlPS 2019
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Tensor Polynomial Pooling (PTP)

(Hou et al., NeurlPS 2019)

Concatenate P-order Tensor
Z tensor product f :Contraction
T T T : Z
o> — t :[17Z17Z2] — .....Ooo : —_ 3
Zo 000000000 : o
o> f ¢
&
Number of Parameters
P
O(md)
O(mdr* P)

> Highly enhanced expressive without much increasing number of parameters
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Imperfect Multimodal Time Series Data

(Liang et al. ACL 2019)
Imperfect data:

» Incomplete due to sensor failure
» Corrupted by random or structured noises

How to learn robust representation from imperfect multimodal data?

clean multimodal data

> Clean data: multimodal fused -~ - -
tensor exhibits low-rankness
dCross tlme and mOda“ty tensor rank regularization

imperfect multimmodal data
: : e _.-_.._. ........
» Noisy and incomplete data '
breaks low-rank structure |

clean entri fect entrios
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Temporal Tensor Fusion Network (T2FN)

[xL,...x}]
} "
language LSTM T t i t
U S S - b, h, h,
- ) M = ® ®
ng | g ] - 2 1 1 1
t=1|L — ]
- M‘IH / Tensor fusion (Rank-1 tensor)
. (B M _
il R h il "
& | M2 g
g M* —hi ® k¢ 9 bt B

Low-rank regularizer

|
&=:g ol

~ Upper bounds on nuclear norm

1 M
M=S A A
5 - M. S\l LS| M
v

max{dl > ...,d}\,{}

Low-rankness regularizer improves robustness to imperfect data

Learning Representations from Imperfect Time Series Data via Tensor Rank Regularization
(Liang et al., ACL 2019)
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Recurrent Neural Networks

» RNN and LSTM do not have long memory from a statistical
perspective [Zhao et al., ICML 2020]

» How to achieve long memory?

v(k) = Cov(Xy, Xyyk), kK€ Z
" /,’tc;'n,g'; memory |
-

k)

k

"
W

RNN “
(Greaves-Tunnell et al., ICML 2019)
h' = o(Wh'=D + Ux® + b)
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Tensor-Power Recurrent Models

o _ (Li et al., AISTATS 2021)
Transition function

(p + 1)-order weight tensor

) (1) (1) < PP
h(t)=Q><1(h(t_1) X2+ Xp | o1y | =9 | pe-1)

p-fold tensor p;c;duct with itself

Theorem (Long memory requires a high madel degree.)

Under mild assumptions, with high probability, if the tensor power [TP)-
induced RNP has the long memory under Def. 1, then the following in-
equalily obeys:

I
GG
pZ%(1+\/1+—1——2)—1, (3)

no? n

where pp = log(3/2), and C,, C; denote two positive constants.

>

Large p leads to long memory, small p leads to short memory
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Learnable degree p

(Li et al., AISTATS 2021)

» Long memory with increasing p but unstable

short memory long memory
stable -«— Model degree p —» unstable
small large

> Symmetric tensor decomposition (STD) of weight tensor

(1) (1)
h(t) — g Xl (h(t_l) )(2 PO Xp h(t__l)

STD factors of - .
weight tensor G Update p

R (t) p plt) = MLP (plt=1) R{t—1) x(t)
. X . ?
h(t) [I] == § : <Wj,r, (h(t—l)) > + b[’]? \_ ( ))

r=1




Tensorial time series data with irregular time step

Task: Given tensorial time series with irregular time steps, how to
train a model for prediction on continuous time points and
extrapolation for future.

Examples: videos with missing frames, relations between stock
market prices of many companies, etc

Challenges:

> Tensorial NN/RNN (Bai et al. 2017): Incapable of handling irregular
time steps, and prediction on decimal time points

> Neural ODE (Chen et al. NeurIPS 2018): Ignoring spatial structure
information, large number of parameters
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Tensor Neural ODE

(Bai et al., IJCNN 2021)

We directly process the tensorial time series {Y¢}icp0. 77, e € R, proposing
tensor neural ODE (TENODE)

P _ fo(9(1).2(1). 1

with the control input X(t) and the initial condition Y(0) =Yo. Parameter size: from
O(1?M) of neural ODE to O(N/?)

3 E

; e SR s mes s g,“.".“.".‘.‘.‘.‘.".“.‘?.‘.‘.‘.“ BICRREIINNE :

|k | : : : , :

: N ~ ‘ 0 ip ) Q Xt 3 s M i Mo 0 \

- L / ,.‘\ e 7N ',\_ '; 5 E ,:[J c:: :EE — o

iR Sy =yl 55 Wl s AN SR

\ ' \ \ " - l/’ §<‘ o > T ~ /I‘ '\\ f‘s ;:b\\ 7 /I' Eg::v:")"l /"\EEE ‘\[

Iy v - : : i i

; \ N R S A A A CTESRTRRE BRREREEES

= "g,] iy Hf,lr fO (y (t), X (t), t)
0 200 0 60¢ 860 1000
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Trends and Directions
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Multi-Scale Tensor Network Architecture

> Unsupervised learning with reduced order of TN representation

> Supervised learning for the top classification layer

Orthogonall 98.08%
core tensors accuracy on
MNIST

!Av!v! !Av!

: 89% accuracy on
1P (x)) Fashion MNIST data set

Learning Relevant Features of Data with Multi-scale Tensor Networks (Stoudenmire et al. 2018)

A Multi-Scale Tensor Network Architecture for Classification and Regression (Reyes et al., 2020)
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Supervised Learning with Projected Entangled Pair States

‘ ‘
]
{

Grencralized
Tens=or Network

> Hybrid model (CNN + PEPS)

Splitting  Contraction

Convolutions Pooling
‘ ! MNIST datasel
— o R e
fi(x
( ) 098 F
=
<
50.97"‘-------\»---"- -*‘::.-‘_-_..:__:‘____
»
E L ¢
- 096
& > -
095F [5-MPS /A'/
- “MLF 7
004! |- “CNN-MLP -
: -©-PEPS
- CINN-FEFS
(.93 . < 4 : 2
2 3 & 5 6

Bond dimension

From Probabilistic Graphical Models to Generalized Tensor Networks for Supervised Learning (Glasser,
arXiv 2019)

Supervised Learning with Projected Entangled Pair States (Chen et al., arXiv 2020)
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Quantum Neural Networks

encoded data gates with optimized parameters measurements

l l |

Z(p,) T X(ps)
X(p)) 2([36) data labels

l

Y(p) 1 I X(p5) /—.-/'\— — predictions

Y(ps)

Z(p,)

update !
parameters compute loss function derivative =«

https://blog.tensorflow.org/2020/08/layerwise-learning-for-quantum-neural-networks.htm!
1§ TensorFlow Quantum
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Quantum Machine Learning with Tensor Networks

» Robustness to noise

> Tensor network circuits provide qubit-efficient
schemes

Towards Quantum Machine Learning with Tensor Networks (Huggins et al., 2019)
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Summary

» TNs are useful tools for representation of high order
structured data, and efficient reparameterization of deep
NN models

» Theory shows TNs have expressive power similar to DNNs

» Robustness to adversarial attacks and interpretability of
TN based ML models
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